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Abstract:In the present paper, we study some properties of CR-submanifolds of a nearly hyperbolic
cosymplectic manifold. We also obtain some results on & —horizontal and ¢ —vertical CR- submanifolds of a
nearly hyperboliccosymplectic manifold.

Keywords: CR-submanifolds, nearlyhyperbolic cosymplectic manifold, totally geodesic,parallel distribution.

I.  Introduction

The notion of CR-submanifolds of Kaehler manifold was introduced and studied by A. Bejancu in ([1],
[2]). Since then, several papers on Kaehler manifolds were published. CR-submanifolds of Sasakian manifold
was studied by C.J. Hsu in [3] and M. Kobayashi in [4].Later, several geometers (see, [5], [6] [7], [8] [9], [10])
enriched the study of CR-submanifolds of almost contact manifolds. On the other hand,almost hyperbolic
(f,g,n, &)-structure was defined and studied by Upadhyay and Dube in [11]. Dube and Bhatt studied CR-
submanifolds of trans-hyperbolic Sasakian manifold in [12]. In this paper, we study some properties of CR-
submanifolds of a nearly hyperbolic cosymplectic manifold.

The paper is organized as follows. In section 2, we give a brief description of nearly hyperbolic
cosymplectic manifold.In section 3, some properties of CR-submanifolds of nearly hyperbolic cosymplectic
manifold are investigated. In section 4, some results on parallel distribution on & —horizontal and & —vertical
CR- submanifolds of a nearly cosymplectic manifold are obtained.

I1.  Nearly Hyperbolic Cosymplectic manifold
LetM be an n-dimensional almost hyperbolic contact metric manifold with the almost hyperbolic contact

metric (¢, &,n, g)- structure, where a tensor ¢ of type (1,1) a vector field &, called structure vector field and 7,
the dual 1-form of ¢ satisfying the followings:

¢*X =X +n(X)8, 9(X,§) =n(X),2.1)

n@=-1 #@ =0 nop=0,(22)

9(@X,¢Y) = —g(X,Y) —n(X)n(¥) (2.3)
for any X, Y tangent toM [11]. In this case

g(@X,Y) = —g(X,¢Y).(2.4) B
An almost hyperbolic contact metric (¢, ¢,n, g)-structure onM is called nearly hyperbolic
cosymplecticstructure if and only if
(Vx @)Y + (Vyd)X = 0,(2.5)
Vx§ = 0(2.6)
for all X, Y tangent to M and Riemannian Connection V.

Il CR-Submanifolds of Nearly Hyperbolic Cosymplectic Manifold

Let M be a submanifold immersed in M. We assume that the vector field £ is tangent to M. Then M is
called a CR-submanifold [13] of M if there exist two orthogonal differentiable distributions D and D' on M
satisfying
0) TM = D@D+,
(i) the distribution D is invariant by ¢, that is, Dy = Dy for each XeM,
(iii) the distribution D+ is anti-invariant by ¢,that is, ¢ Dg < Ty M* for eachXeM,
whereTMandT+M be the Lie algebra of vector fields tangential to M and normal to M respectively. If
dimD{ = 0 (resp.,dimD, = 0), then the CR-submanifold is called an invariant (resp., anti-invariant)
submanifold. The distribution D (resp., D1) is called the horizontal (resp., vertical)distribution. Also, the pair
(D, D%) is called € — horizontal(resp., vertical)iféy € Dy(resp.,éy € Dg).

Let the Riemannian metric induced on M is denoted by the same symbol g and V be the induced Levi-
Civita connection on N, then the Gauss and Weingarten formulas are given respectively by [14]

VyY = VY +h(X,Y), (3.1)

VyN = —AyX + VEN(3.2)
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for any X,Y € TMandN € T+ M, where V* is a connection on the normal bundle T+*M,h is the second
fundamental form and A, is the Weingarten map associated with N as
9AyX,Y) = g(h(X,Y),N) (3.3)
for any x € MandX € T, M. We write
X = PX + QX,(3.4)
wherePX € DandQX € D*.
Similarly, for N normal to M, we have
¢N = BN + CN,(3.5)
whereBN (resp. CN) is the tangential component (resp. normalcomponent) of ¢pN.

Lemma 3.1.Let M be a CR- submanifold of a nearly hyperbolic cosymplectic manifold M.Then
¢P(VyY) + pP(VyX) = PV (¢pPY) + PV, (¢pPX) — PAgyoy X — PAyox Y,(3.6)
2BR(X,Y) = QVx(¢PY) + QVy(¢PX) — QApox Y — QApy X,(3.7)

PQV,Y + pQV, X + 2Ch(X,Y) = h(X, pPY) + h(Y, pPX) + V$pQY + Vi pQX(3.8)

foranyX,Y € TM.

Proof.Using (2.4), (2.5) and (2.6), we get
Ty )Y + p(VyY) + dh(X,Y) = Vy($PY) + h(X, pPY) — Apoy X + Vi QY.

Interchanging X&Yand adding, we have
(Vx )Y + (Vy @)X + d(VxY) + ¢ (Vy X) + 2¢h(X,Y)

= Vy(¢pPY) + Vy(¢pPX) + h(X,pPY) + h(Y, pPX)

—Agor X — Apox Y + V3 QY + V3 9QX.

Using (2.5) in above equation, we have
PP(VxY) + $Q(VxY) + ¢P(VyX) + ¢Q(VyX) + 2Bh(X,Y)

+2Ch(X,Y) = PVx(¢PY) + QVy(¢PX) + h(X, pPY)
+h(Y,pPX) — PAyoy X — QAgoy X — PAyox Y

—QAgox Y + VEpQY + V§$QX.(3.9)

Comparing the horizontal, vertical and normal components, we get (3.6) — (3.8).

Hence the Lemma is proved. O

Lemma 3.2.Let M be a CR- submanifold of a nearly hyperbolic cosymplectic manifold M. Then
2(Vy )Y = VxpY — Vy X + h(X, ¢Y) — VypX — p[X, Y](3.10)
foranyX,Y € D.

Proof.From Gauss formula (3.1), we have
Also, we have B B

VypY = VydpX = (Vyd)Y — (Vy )X + ¢[X,Y]. (3.12)
From (3.11) and (3.12), we get

(Vx )Y — (Vyp)X = Yy oY + h(X, pY) — VypX — h(Y, $X) — p[X,Y]. (3.13)
Adding (3.1_5) and (2.5), we obtain

2(Vx )Y = V@Y + h(X, $Y) — Vy X — h(Y, pX) — ¢[X,Y].
Hence the Lemma is proved. O

Lemma 3.3.Let M be a CR- submanifold of a nearly hyperbolic cosymplectic manifold M. Then
2(Vxp)Y = AyyY — Agy X + V3 Y — Vy X — $[X,Y](3.14)
foranyX,Y € DL,
Proof.From Weingarten formula (3.2), we have
Vi @Y = Vy X = ApxY — Ayy X + Vi @Y — V5 X.(3.15)
Also,
VydY — VypX = (Vx )Y — (Vyh)X + ¢[X, Y].(3.16)
From (3.15) and (3.16), we get
Vx )Y — (Vy )X = Apx Y — Agy X + Vi dY — Vi X — ¢[X,Y]. (3.17)
Adding (3.17) and (2.5), we obtain
2(Vx )Y = AgyY — Agy X + V@Y — Vi X — ¢[X,Y].
Hence the Lemma is proved. O
Lemma 3.4.Let M be a CR- submanifold of a nearly hyperbolic cosymplectic manifold M. Then
2(Vx )Y = —Agy X + V@Y — Vy¢X — h(Y, ¢X) — $[X, Y] (3.18)
foranyX € DandY € D*.
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Proof.Using Gauss and Weingarten formula for € DandY € D* , we have
VydY — VydpX = —Ayy X + Vi Y — Vy X + h(Y, ¢X). (3.19)
Also, we have
Vy @Y — VX = (Vy)Y — (Vy )X + ¢[X,Y].(3.20)
By virtue of (3.19) and (3.20), we get
(VxP)Y — (Vyp)X = —Ayy X + VY — Vy X + h(Y, pX) — $[X, Y].(3.21)
Adding (3.21) and (2.5), we obtain
Z(chj))Y = —A¢yX + VY — VX + h(Y,pX) — ¢[X,Y].
Hence the Lemma is proved. O

V. Parallel Distribution

Definition4.1.The horizontal (resp., vertical) distribution D (resp.,D*) is said to be parallel [13] with respect
to the connectionon MifV,Y € D (resp.,V,W € D1) for any vector field X,Y € D(resp.,W,Z € D*).
Theorem 4.2.Let M be aé — vertical CR-submanifold of a nearly hyperbolic cosymplecticmanifoldM. If the
horizontal distribution D is parallel,then

h(X,pY) = h(Y,pX). (4.1)

foranyX,Y € D.

Proof.Using parallelism of horizontal distribution D, we have

Vy(¢Y) € DandVy¢pX € DforanyX,Y € D.(4.2)
Now, by virtue of (3.7), we have

Bh(X,Y) = 0.(4.3)
From (3.5) and (4.3), we get

¢ph(X,Y) = Ch(X,Y)(4.4)
foranyX,Y € D.
From (3.8), we have

h(X,pY) + h(Y,pX) = 2Ch(X,Y)(4.5)
foranyX,Y € D.
Replacing Xby¢Xin (4.5) and using (4.4), we have

h(pX,dpY) + h(Y,X) = ph(¢pX,Y). (4.6)
Now, replacing Yby¢Y in (4.6), we get

h(X,Y) + h(pY, pX) = ph(X, pY).(4.7)
Thus from (4.6) and (4.7), we find

h(X,pY) = h(Y, pX).
Hence the Theorem is proved. O

Theorem 4.3.LetM be aCR-submanifold of a nearly hyperbolic cosymplecticmanifoldM. If the distribution D+
is parallel with respect to the connection on M, then
ApyZ + Ay Y € D
foranyY,Z € DL,
Proof.Let Y,Z € D+, then using (3.1) and (3.2), we have
—ApzY — Ay Z + VEPZ + V5pY = ¢p(VyZ) + ¢V,Y + 2¢h(Y,2).(4.8)
Taking inner product with X € Din(4.8), we get
9(AgyZ +AyzY) =0
which is equivalent to
(AgrZ +Ay;Y) €D*
foranyY,Z € DL,
Definition 4.4.A CR-submanifold is said to be mixed-totally geodesic ifh(X,Z) = 0 forallX € DandZ € D*.
Lemma 4.5.Let M be a CR-submanifold of a nearly hyperbolic cosymplecticmanifold M. Then Mis mixed
totally geodesic if and only if AyX € D forall X € D.
Definition 4.6.A Normal vector field N = 0 is calledD — parallel normal section if Vi N = Ofor all X € D.
Theorem 4.7.let M be a mixed totally geodesic CR-submanifold of a nearly hyperbolic
cosymplecticmanifoldM. Then the normal sectionN € ¢D* is D — parallel if and only if Vy¢N € DforallX €
D.
Proof.Let N € ¢ D+, then from (3.7), we have
QVy¢pX = 0.
In particular, we have QVy¢X = 0. Using it in (3.8), we have
$QVxpN = VN. (4.9)
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Thus, if the normal section N # 0 is D-parallel, then using “definition 4.6’and (4.9), we get

dVy (¢N) =0

which is equivalent to Vy (¢ N) € Of orallX € D.
The converse part easily follows from (4.9). This completes the proof of the theorem.
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