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Abstract:  Biorthogonal polynomials are of great interest for Physicists.Spencer and Fano [9] used the 

biorthogonal polynomials (for the case k = 2) in carrying out calculations involving penetration of gamma rays 

through matter.In the present paper an exact solution of simultaneous triple series equations involving 

Konhauser-biorthogonal polynomials of first kind of different indices is obtained by multiplying factor technique 

due to Noble.[4]  This technique has been modified by Thakare [10, 11] to solve dual series equations involving 

orthogonal polynomials which led to disprove a possible conjecture of Askey [1] that a dual series equation 

involving Jacobi polynomials of different indices can not be solved. In this paper the solution of simultaneous 

triple series equations involving generalized Laguerre polynomials also have been discussed as a charmfull 

particular case. 
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I. Introduction 
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Z
α

n
 x; k  is called Konhauser-biorthogonal set of the first kind and   Y

α

n
 x ; k  the Konhauser-biorthogonal set of 

the second kind. For k = 1, both the polynomials reduce to the generalized Laguerre polynomials L
α

n
 x . 

     

In the present paper we shall solve simultaneous triple series equations of the form  
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  Where Z
α

n
 x; k  is the Konhauser-biorthogonal polynomial, f

 
i x , g

 
i x , and  

  h
 
i x   are prescribed functions, a

 

i
 
j, b

 

i
 
j  and c

 

i
 
j are known constants for 

 i = 1,2,……….,s and j = 1,2,…………,s. δ + β + m >  𝛼 + 1 > 0  and 
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 σ + 1 > 𝛿 + 𝛽 > 0, m being some positive integer and p is a non-negative integer. A
 

n
 

j′s are the unknown 

constants for j= 1,2,…………..,s. in the series equations which are to be determine. 

            

II. Results Used In The Sequel 
During the course of analysis the following results shall be needed: 

(i) Biorthogonal relation was given by Konhauser [3] as follows: 
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                  where δ
n
m

 is Kranecker’s delta.              

(ii) Prabhakar [6] introduced the following  mth   differential formula in the form 

d
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With α >  −1. 
(iii) Prabhakar [6] introduced the following fractional integrals, the first being the Riemann- Liouville 

fractional integral: 

  ξ − x 
β − 1

 

ξ

0
 x

α

 
Z

α

n
(x; k)dx  

         =     
Γ kn +α+1 Γ β 

Γ kn +α+β+1 
 ξ

α + β

 
 Z

α + β

n
(ξ; k)                             [2.3] 

when β > 0, 𝛼 + 𝛽 + 1 > 0 
and the second, the Weyl fractional integral 
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where α + 1 >  𝛽 > 0 

 

III. The Solution Of Triple Series Equations : 

     Multiplying both the sides of the equation [1.1] by x
α

 
 ξ − x 

−α + β + δ + m − 2
 

 and                        

     Integrating with respect to x over (0, ξ) and further using first fractional integral formula [2.3]    

            we get   a
 

i
 
j

s
j=1

∞
n=0   

A
 

n
 

j Γ −α+β+δ+m−1 

Γ kni +p+β+δ+m 
 ξ

β + δ + m − 1
 

 Z
β + δ + m − 1

ni + p
(ξ ; k) 

                                   =    x
α

 
ξ

0
  ξ − x 

−α + β + δ + m − 2
 

 f
 
i(x) dx                    [3.1] 

From the relation [3.1], we have 
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with 0 < x < ξ  and β + δ + m >  𝛼 + 1 > 0 

Now multiplying both sides of equation [3.2] by ξ
β + δ + m − 1

 
 and differentiating both sides ‘m’ times with 

respect to ξ and using the derivative formula [2.2] we get 
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Next we multiply both the sides of the equation [1.3] by e
−x

 
 x − ξ 

σ − δ − β

 
 and integrate with respect to x 

over (ξ , ∞) and using second fractional integral formula [2.4], we get   
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which can be written as  
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From equation [3.6], we get 

  b
 

i
 
j

s
j=1

∞
n=0  

A

 

n

 

j Z
β+δ−1
ni +p

(ξ ;k)

Γ kni +p+δ+β 
=   e

 

i
 
j

s
j=1  

eξ

 

Γ σ−δ−β+1 
  H

 
i ξ ,  b < ξ <  ∞.                                        [3.7]                                                                                        

where H
 
i(ξ) =  e

−x
 

∞

ξ
 x − ξ 

σ − δ − β

 
 h

 
i(x) dx , i = 1,2,……………………..,s.                             [3.8]                                                                  

and e
 

i
 
j are the elements of the matrix [b

 

i
 
j][c

 

i
 
j]
−1
 .

                          

Now left hand sides of the equations [3.3], [1.2] and [3.7] are identical. Applying the biorthogonal relation [2.1] 

of Konhauser polynomials , we get the solution of the simultaneous triple series equations in the form 
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IV. Particular Case 
     It is very interesting for us if we put k =1 in equations [1.1], [1.2] and [1.3] then  Konhauser  polynomials   

involved in these equations are reduced to generalized Laguerre polynomials and we receive the following 
Simultaneous triple series  equations involving generalized Laguerre polynomials 
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       with the solution in the form 
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 k = 1. 
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