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Simultaneous Triple Series Equations Involving Konhauser
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Abstract:  Biorthogonal polynomials are of great interest for Physicists.Spencer and Fano ! used the
biorthogonal polynomials (for the case k = 2) in carrying out calculations involving penetration of gamma rays
through matter.In the present paper an exact solution of simultaneous triple series equations involving
Konhauser-biorthogonal polynomials of first kind of different indices is obtained by multiplying factor technique
due to Noble."! This technique has been modified by Thakare !> ' to solve dual series equations involving
orthogonal polynomials which led to disprove a possible conjecture of Askey ™ that a dual series equation
involving Jacobi polynomials of different indices can not be solved. In this paper the solution of simultaneous
triple series equations involving generalized Laguerre polynomials also have been discussed as a charmfull
particular case.

Key Words: 45F 10 Simultaneous Triple Series Equations, 33C45 Konhasure bi-orthogonal polynomials,
Laguerre polynomials,42C O5 Orthogonal Functions and polynomials, General Theory, 33D45 Basic
Orthogonal polynomials, 26A33 Fractional derivatives and integrals.

I.  Introduction
Konhauser ! introduced a pair of sets of bi-orthogonal polynomials Zz(x ;k) and Yz(x ;k) with

respect to the weight function Xaexp(—x) over the interval (0, «) based on the study of
Preiser I'!. In fact Konhauser defined

<Ki

Z(sk) = Dy (1)) (5)

T (kj+a+1)

and

Yoo = Lo OH,Z‘; oD (g) [

k

Zz(x; k) is called Konhauser-biorthogonal set of the first kind and Yz(x ; k) the Konhauser-biorthogonal set of

the second kind. For k = 1, both the polynomials reduce to the generalized Laguerre polynomials Lg(x).

In the present paper we shall solve simultaneous triple series equations of the form

Ap
Ly Ll
=1 l] I'(o+kni +p +1)

+6—1
An] ZBnH—p (x;k)

)N oZ] 1 1] m =0i(x), a<x<b [1.2]

=0 2 fi(x), 0<x<a [1.1]

Anjz, % 65K)
=1 l] I (3+p+kni +p)

Xi-02; =h;(®), b<x< o [1.3]

Where Zﬁ(x; k) is the Konhauser-biorthogonal polynomial, f;(x), gj(x), and

h;j(x) are prescribed functions, ai]-.bi]- and cij are known constants for
i=12,.......... sandj=1,2,............ S.0+Bf+m>a+1>0 and
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o+ 1> 4+ >0, mbeing some positive integer and p is a non-negative integer. Anj's are the unknown
constants for j=1,2,.............. ,s. in the series equations which are to be determine.

I1.  Results Used In The Sequel
During the course of analysis the following results shall be needed:

(i) Biorthogonal relation was given by Konhauser ! as follows:

o —X 0O,0 o T'(k 1) . h
Le T x 7 (sRY (xkdx = L 3., [2.1]

where 8n is Kranecker’s delta.
i Prabhakar ® introduced the following m™ differential formula in the form
g

am a+mo+m, _ I'(kn +o4+m+1) x* Zg (x:k)
dx™ [X Z n & k)] - I'(kn +0+1) [2.2]
Witha > —1.

(iii) Prabhakar ® introduced the following fractional integrals, the first being the Riemann- Liouville
fractional integral:

foé(& _ X)B -1 XaZIO]L(x; k)dx
I'(kn+o+1)I'(B) &a +B 70 :1‘ B(&, k) [2.3]

I'(kn+a+B+1)
whenpf>0,a+8+1>0
and the second, the Weyl fractional integral

[ =P Tz max=r@e 2 Pk 24
wherea+1> >0

I1l.  The Solution Of Triple Series Equations :
Multiplying both the sides of the equation [1.1] by xa(& —yxTet ptot+m—2, 4
Integrating with respect to x over (0, &) and further using first fractional integral formula [2.3]

we get o X5y aij BnjrCatprom-n p+8+m—1,B+o+m=1.,

I'(kni +p+p+5+m) ni+p
g a —a+pf+d+m—2
= [ E-nT TP f.(x) dx [3.1]
From the relation [3.1], we have
)
210 212 T prarmy

s —a+B+5+m—2
e I €0 fi(x) dx [3.2]

with0<x<& andf+d64+m> a+1>0
Now multiplying both sides of equation [3.2] by gB +to+m-—1 and differentiating both sides ‘m’ times with
respect to & and using the derivative formula [2.2] we get

7 P+o- 1(g K) —B-8+1
L = Vs P — =
Xizo Xj-1 bij T +p+p+3) X djj I(~a+p+5+m—1) Fi(©,0<8<a [33]

where F;(&) = i{—mmfogxa(é— ) —a+tpf+o+m-— 2fi(x)dx,

1= 1,2, i, 8. [3.4]
and dij are the elements of the matrix [bi]-][ai]-]_1
Next we multiply both the sides of the equation [1.3] by e_X(x -5°~ 5-P and integrate with respect to x

over (&, o0) and using second fractional integral formula [2.4], we get

cic AUL(E=8+1) = B+o—-1., . _ (o —X c—8—
Y=o Xi=t llme 5z ni+ p €&k = fé e " (x-9 Bhi(X)dX
[3.5]

which can be written as
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OO NS

Zn:O ZJ 1 1] C(kni +p+3+p)  I'(c—6—P+1) fé
where{<x < oo,6+1> 5§+ >0.
From equation [3.6], we get

e X(x—8° %7 B ax [3.6]

[5+5 1(é X) eé
0 s n1+p _ s . .
Yoo Xz bl] T(kni+p+3+B) i &l To—o—prD) Hi(8), b<g< o [3.7]
where Hi(©) = e~ (x=9° ~° TP dx =120 . [3.8]

and eij are the elements of the matrix [bll][cll]

Now left hand sides of the equations [3.3], [1. 2] and [3.7] are identical. Applying the biorthogonal relation [2.1]
of Konhauser polynomials , we get the solution of the simultaneous triple series equations in the form

3 1 _f e éﬁ:lip (&;k) Fj (&) dg

= 1dl] I'(—o+p+5+m—1)

Anj = X qij (ni + p)! X +f e Sepro—1 Bm+p (&;k) gi(&)de

&B+8 1,p+8~
ni+p

+ I "ERHIE a

where gij are the elements of the matrix [bi]-]_1 andn=0,1,2,...... andj=1,2,....... ,s and Fj (&), Hj(¢) are
defined by [3.4] and [3.8] respectively.

IV.  Particular Case
It is very interesting for us if we put k =1 in equations [1.1], [1.2] and [1.3] then Konhauser polynomials
involved in these equations are reduced to generalized Laguerre polynomials and we receive the following
Simultaneous triple series equations involving generalized Laguerre polynomials

L@ e
n1+
2i—o Xj=1 ij I’((XT-:;)-H) = fi, 0<x<a [4.1]
nj L ([3+b 1)( )
0 s ni+ _
2o ijl b1] m 9i(x), a<x<b [4.2]
)N oZ] 1 1] m = hi(X), b<x< o [4.3]
with the solution in the form
1 6 B+5-1) g
Zl 1dl] I(—o+p+5+m—1) f ni+p ) 1(@ 5
Anj = Xj_; gij (ni+p)! X b eEP Tl (B;rlipl)(x) gi(5)de
s B+6—1 (B +56—-1) _
|+ X1 eij 7o 13+1)f S ni +p () Hi(©) de|

where gij are the elements of the matrix [bi]-]_1 andn=0,1,2,...... andj=12,....... ,s and Fj (&), Hi(g) are

defined by [3.4] and [3.8] respectively when
k=1.
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