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Numerical solution of heat equation through double interpolation
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Abstract :In this article an attempt is made to find the solution of one-dimensional Heat equation with initial
and boundary conditions using the techniques of numerical methods, and the finite differences. Applying
Bender-Schmidt recurrence relation formula we found u(x ,t) values at lattice points. Further using the double
interpolation we found the solution of Heat equation as double interpolating polynomial.
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l. INTRODUCTION

Boundary value problems occur very frequently in various fields of science and engineering such as
mechanics, quantum physics, electro hydro dynamics, theory of thermal expansions. For a detailed theory and
analytical discussion on boundary value problems, one may refer to Bender [1], Collatz [2], Na [3],Numerical
solution of boundary value problems by splines and numerical integration are discussed by P.S. Rama Chandra
Rao [4-5], Ravikanth. A.S.V. [6].

The finite difference method is one of several techniques for obtaining numerical solutions to the
boundary value problems. Especially to solve partial differential equations , in which the partial derivatives are
replaced by finite differences of two variables .Mortan and Mayer[7] and Cooper[8] provide a more
mathematical development of finite difference methods and modern introduction to the theory of partial
differential equation along with a brief coverage of numerical methods. Fletcher [9] described the method to
implement finite differences to solve boundary value problems.

In this paper we describe how to solve a one-dimensional heat equation using finite difference method
and double interpolation [10]. The heat equation is of fundamental importance in diverse scientific fields which
describes the distribution of heat (or variation in temperature) in a given region over time. In mathematics it is
the prototypical parabolic partial differential equation. In financial mathematics, the famous Black-Scholes
option pricing models differential equation can be transformed in to the heat equation allowing relatively easy
solution from a familiar body of mathematics. The diffusion equation, a more general version of the heat arises
in connection with the study of chemical diffusion and other related processes and a direct practical application
of the heat equation, in conjunction with the Fourier theory, in spherical co-ordinates, is the measurement of the
thermal diffusivity in polymers. The heat equation can be efficiently solved numerically using the Bender-
Schmidt method. Usually the solution of these equations is given in Fourier series form. Monte [11] applied a
natural analytical approach for solving the one dimensional transient heat conduction in a composite slab.

Lu [12] gave a novel analytical method applied to the transient heat conduction equation. In this paper
we found the solution of one-dimensional heat equation with certain initial and boundary conditions as a
polynomial.

1. DESCRIPTION OF THE METHOD
Consider one-dimensional heat conduction equation
Up = U,y

. N . @

Where t and x are the time and space co-ordinates respectively, in the region
R=la=x=blx[t =0]

With appropriate initial and boundary conditions.
If u=ulxt)is any function of two independent variables x and t then we define
Uy = flxpt:) where x, = xp+rhandt, =ty + sk. Here x denotes the initial value of x,ty denotes
the initial value of t, and h, k are the intervals of differencing for the variables x and t respectively. Further r, s
are non negative integers.
Replacing the partial derivatives of (1) with finite differences we get Bender-Schmidt recurrence relation which
is given by
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'1{:'U.'_-_|_ = “:‘.j + /-l.ll'll:'_-]_u.' — 2'1{:'U.' + '1-!.:'_1I_I.'J (2)

Where E'.=% fm‘ﬂi-‘.j{i:%

By using boundary conditions and equation (2) we find 1t {x, ) values at lattice points (x,ts) . Further using
double interpolation that is by finding the two way differences of various orders and substituting in the general
formula for double interpolation we find double interpolating polynomial of 1:{x, £).

The following formulae are given in [10] .

2.1. Formulae . . . P
1. The operator 4., is defined by the equation &, ulx, £) = wix + i, £) —ulx, £J) and the operator &, s
defined by A.ulx,t) = ulx,t+ k) — ulx,t).

2. Double or two way differences of various orders are defined by
"ji_l:.u!'s = "i".rurs = Uprqs — Uy

":"D_iurs =AUy = Upprqg — Uy

Similarly
AT = Uprn e — 2Upag e+ Uy
AR = Uposn — 2Upg + Ups
The general formula for the differences of different order is given by
'“l 'M—‘]_ - o
AMFRy = ATy ATy L+ AT o (=1 PATF Oy ©)
1'v|l'|'v|—‘_|_ - N 311 T
&."!—.‘."!1“}'} = &E._?!1l!n|:._?}lf:'ll:._ﬂ1l!n_1l|:. + f:'nc_ 1.1",._: |:+ :_l_,.ln':'nc "1.-l|:.|:.
Where m,n are positive integers.
General formula for double interpolation is
u(x, t) =
. 'il'_l'r_\:' 140. (t=t5) 1041 1 ((Ge—x)le—x3)) 7240,
2(Ge—2o)E=10)) 4141, ((e—tadt=£1)) 042,
.p:ll': ﬂ. M.:}D +k—2ﬂ MGG) + P e wma ams +
1 ((r—xg)lr—xy)s '~Jﬂ'—xn:—1:'ﬂrr+n::
— T UG T
m! ( R ag
mle—nwgdlr—xy o= M=) | 1)1 e—toll=ty)li=tm—y) s osm.
Pr—— A Ugg+...+ pE= ﬂ Uoo
(4)
2.2. Formulation of the problem
We consider the following boundary value problem of one- dimensional heat equation.
Uy = Upy (5)
Subject to the following boundary conditions
u{0.t) =0 (6)
u(5t) =0 @
ulx, 0) = 25x% — x* (8)

where 0=ft=25andd=x=5

2.3. Solution of the problem
we take the interval of differencing of x as 1,

. . . . 1
i.e., h=1.and the interval of differencingoftas= i.e &k =

|.'||.-t

thus xp=0,xy=Lx:=2,x;=3,x2 —4x_—53nd

. . 1, .
tp=08 =-,f; =13 =

b |

Ba |

l.t' =2,t5=

Drawing straight Imes parallel to coordinate axis (t, X) we have 25 mesh points.
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suppose
Uy = flx,,t.) where x, = xp+ rhandt. =tg+sk. for (r,5=0,12,345)
The boundary condition (2) gives

Upp = Ugy = Upgz = Upg = Upas = Upgs = ':I (9)

he boundary condition (3) gives
Ugp = gy = Ugz = Ugg = 115;_:11552{1 (10)

The initial condition (4) gives
Upgp = GJ'H-_I_E. = 3‘1‘, Uag = 8‘1‘,1{3|:. = l‘i:‘i:_.'ll;_c. = _1."1"'1'J Ugg = 0 (11)

The other values are obtained from the recurrence relation
. _ k
'“:‘.j—i = “:‘.j + /-I.L1J.:'_1IJ.' — 21{:'U.' + uf—i-_."J for A=—=

LI

which are shown in the Table 1.

Ea |

Since the first and last column values of Table 1 are zero
The differences of different orders of A% 7ug,:(i, 7 = 0,1,2,3,4,5) are zero.

ie. A% Ty, = 0. particularly
fj'nc_i'l-lc.c. = |':'|I:._:1.L|:.|:. = fi'nc_g'llc.c. = fi'nc_;"llc.c. = fi'nE_E'HE.E. =0 (12)
fi'.c. 1'1-1 50 — fi'.c “Ugpg = fi'.c a fi'.c _1.1 50 = fi'.l: "'ll s = =1 (13)
By considering the second column values of table 1, the differences A®™/1u45  are obtained and shown in the
table 2.
From Table 2, we have _ i
fi'nc_i'll-lc. = 13,&':'_:111,;. = _18, fi'nc_g'l-lic. = ].5J fi'nc__"ll-_lc. = _18_. fi'nc_':'l-l-lc. = 32825 (14)
By considering the third column values of Table 1, the differences of eis':"fug.;. ., are obtained and shown in the
table 3.
From Table 3, we have _ )
fj'nc_i'l-lgc. = ':', fi'nc_j'llgc. = _'E'I-IJ I_:,.C'—E.“:D = _EI_. f:'nc_f'llgc. = 2925_. fi'nc_':'llgc. = —70.25 (15)
Similarly by considering 4" and 5" columns we obtain _ i
APy, = =30, AP Pugy = —6, A" P ugy = 315, AV Fugy = —64.5, A By g, = 117 (16)
fj'nc_i'll;_c. = _?21 f:'nc “Uag = 5?,:‘:‘:‘2 a'll;_c. = _f:l':', f:'nc TUap = ?5?51 f:'nc "'IL;_E. = —108 (17)
Repeating the above process for rows of table 1, we obtain )
fj'ni_l:-'llc.c. = 2‘1‘, &:_E.1l|:.|:. = 3'3-], &Q_E.1L|:.|:. = _3'3'3J &T_E.1l|:.|:. = _241 |':'|:_I:.1l|:.|:. =10 (18)
|':'|1_|:-'1l|:.-_|_ = "].'.2,#:'::_DH|:.1 = ':', |':'|3_I:.1.L|:.1 = _121 |':'|;'_D'H|:.-_|_ = _481 f:'nE_D'HE.-l = 150 (19)
|':'|1_E-1l|:ﬂ = 42,&2_D11Eﬂ = _'f] fi'ng_l}'llcﬂ = _3':' |':'|;'_I:.'1l|:"| = 45 fi'nE_DHEﬂ =—-75 (20)
f:'n-'l I:'llcﬂ = 39 fi'n_ I:'HE" = _18 l_:,.a I:'llcﬂ = ‘1‘5 fi'n_ EHE" = _j? fi'n" I:'llc.g =75 (21)
f:'n-'l EHE.;_ = 3{], fi'n' I:'HE.;_ = _&I?EJ I_:,.a I:'HE.;_ = _2{]25, A= _E1l|:.;_ = 3525J fi'nE_I:.'l.lE.;_ = —54a.25
, _ (22)

fi'ni_c.'l-lc._; = 2'5'5125, |':'|:_I:-1.l|:.5 = _135_. fi'na_c.'lic._; = 4125_. |':'|_'_I:.1.Il|:.5 = __1.?25J

AR 0y, = 46.875 (23)

The differences A™ Pugy (mn=1,2,345andm+n =5)

are obtained from the formula (3) are given by

AV Ly = 18,AT7 2ugp = —18, A%y, = —36, A% Ty = 24, AT 3y, = 15,

AT 2upp = 30, AT ugp = —18, A% ugy = —24, A3 20y = —42, A% 30, = 36 (24)
The formula for mterpolatlng polynomlal in two variables (4) up to 5" difference (m=5) is

Lx—xp (-
f:'n-l E1l|:|: + ﬂ: fj'nc 11.-l|:|:

u -,_xj r) = Ugy + [

(x—xgdix—x) , 72 x—xg) t—tg) (e—tphle—td | pos
D—n':'n I:'U.EE +#nﬂ1 11.J.|:|:+—0 I_:,.E “Upg

R hk k2

+1[
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I —arpd (g (£ —tp)

- A2l
A u oo +
e—ta) (-t

2z f:'nc_g'llc.c.]

|~_1-__1-0_'. |___1-__1-____'. [x—a0 5

- |':'|3_|:."|.-l|:.|:. +
Ve—ts)

AT+
ke oo e

1
+—[ - -

3l ke hik
(e—r

3 '.LJ.'_J.'Q_-' L= :'Q I

Slx—x ..";:'-'_-1'-'_..":-1'_-1':.."::"_:' J g
z = f:'.a 1'1l|:.|:. +

== |':'|1_31.l|:.|:. +

1 [(x—zp) ez Ma—xg)lx—xe) L a2g
+ - [ = |':'| h I:"|.L|:.|:. + -
2 h4 hek

Blax—xp)lx—x JE—tp)li—ty) Hx—xp)lr—tp) t—t JiE—

= fi'n:_:"llc.c. +

lE—tpgtlt—ty )l E—tgllt—Eg)
. o'k M AN 5

R3KE hkE

e

= I--:'-'_-rl:"-.' |~_1.__1.___.'. (x—x :.'. Iv:"._-j-.E .'. {x— :-IZ"-.'

&E_E-1l|:.|:. + |':'|;'_11l|:.|:. +

1 |:|:_1-__:,'-D_'. |:_1-__1- _,__'- |:_:,'-__,_-: )] I:-’-'_-’-'E-.' |';,_-__,'-4_'.

5! RS Rk
100 x—xp) (x—x ) G~z gt —to) -t} ,gun 10(x—xp)lx—x ) t—tp) -t de—ta) ,a1q
— A® "1l|:.|:.+ —_— A= a1l|:.|:.+
REEE hek=
Slae—xp) (e—tp) (e—t ) (e—egd (t—t) | q2a Ce—tplle—ty ) (-t t—tedlt—2y) | nac
n |':'|1 “Upp + — |':'|I: “"Upp
3.4 K=

(25)

Substituting the values of 4™~ ™15, from the equations (12), (18) and (24) in equation (25) and simplifying we
obtain

r ™ F 5 A F - N F - r A F - N N 1\ r T - F r
wix, t) = 25x° —x* 4+ 3b6xt — 36xix — 1)t — 36xt (z —:J 4+ 8xixy — 1My —2)t 4+ 30xix —

o N 1\ F N N 1\ "L R F r ™ - _- r ™ - N
1)t (z— =]+ 20xt (z =)t —1) —2x{x — Dx - 2){x — 3)t — 1dx{x — 1){x —EJE[E—

2) +24x(x — Dt (¢ —3) (- 1) — 120t (£ —2 ) (e — 1) (£ —2)

. ) (26)
The required interpolating polynomial of wiix, t) which is the approximate solution of heat equation (5) is
given by equation (26).

1. TABLES
Table 1. Function Table.

t 0 1 2 3 4 5
0 0 24 84 144 144 0
%) 0 42 84 114 72 0
1 0 42 78 78 57 0

3/2 0 39 60 67.5 39 0
2 0 30 53.5 49,5 33.75 0
5/2 0 26.625 39.75 43.5 24.75 0
Table 2. Difference Table 1.
Ly; .':'.E_i'll-l:- fj'.c_j'll-_l:' fj'.c_g'l-l-_l:' fj'.c_;"ll-_l:' fj'.I:_E'H-_l:'
24
— 18
42 — -18
— 0 — 15
42 — -3 — -18
— -3 — -3 — 32.625
39 N -6 — 14.625
— -9 — 11.625
30 — 5.625
— -3.375
26.625
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Table 3. Difference Table2.

La; .':'.E_i'll::- fi'.c_j'll::' fi'.c_g'llj:' fi'.c_;"llj:' f:'.I:_E'].L::'
84
— 0
84 - 6
— -6 — -6
78 — -12 — 29.25
— -18 — 23.25 — -70.25
60 — 11.25 — -41.25
— -6.75 — -18
53.25 - -6.75
— -13.5
39.75
V. CONCLUSION

Problems considered in thermodynamics and engineering may yield parabolic equations. usually the

analytical solution of such equations are in Fourier series. In this we obtain the solution as a polynomial in two

variables.
REFERENCES

[1] Bender.C.M and Orszag.S.A., Advanced mathematics methods for scientist and engineers ( McGraw-Hill. New York,1978).

[2] Collatz, L., The numerical treatment of differential equations ( Springer Verlag,Berlin,1996).

[3] Na,T.Y., Computational methods in engineering boundary value problems (Academic Press, New Y ork,1979).

[4] Rama ChandraRao,P.S., Solution of a Class of Boundary Value Problems using Numerical Integration, Indian journal of
mathematics and mathematical sciences.vol.2.N02,2006,pp.137-146.

[5] Rama Chandra Rao,P.S., Solution of fourth order of boundary value problems using spline functions, Indian Journal of Mathematics
and Mathematical Sciences.vol.2.N01,2006, pp.47-56

[6] Ravikanth,A.S.V., Numerical treatment of singular boundary value problems, Ph.D. Thesis, National Institute of Technology,
Warangal, India,2002.

[7] K.W. Mortan and D.F. Mayers. Numerical solution of partial differential equations: An introduction ( Cambridge University press,
Cambridge,England.1994).

[8] Jeffery Cooper, Introduction to partial differential equations with matlab (Birkhauser, Bosten, 1998).

[9] Clive AJ,Fletcher, Computational techniques for fluid dynamics (Springer-Verlag,Berlin,1998).

[10] J.B. Scorborough, Numerical mathematical analysis ( Oxford and IBH Publishing Co. Pvt. Ltd.,1966)

[11] F.de Monte, Transient heat conduction in one-dimensional composite slab: A natural analytic approach, International Journal of
heat and mass transfer,Vol.43,2000,pp.3607-3619.

[12] X Lu,P Tervola and M Viljanen, An efficient analytical solution to the transient heat conduction in one dimensional hollow

composite cylinder, J.Phy.A.Math.Gen.Vol.38,2005,pp.10145-10155.

www.iosrjournals.org 62 | Page



