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l. Introduction

The concept of fuzzy set was introduced by Zadeh [2] in 1965 as an extension of the classical notion of
set. A satisfactory theory of 2-norm on a linear space has been introduced and developed by Gahler in [4]. The
concept of fuzzy norm and a« — norm were introduced by Bag and Samanta and the notions of convergent and
Cauchy sequences were also discussed in [6]. zhang [1] has defined fuzzy linear space in a different way. RM.
Somasundaram and ThangarajBeaula defined the notion of fuzzy 2-normed linear space (F(X);N) or 2- fuzzy 2-
normed linear space. Some standard results in fuzzy 2- normed linear spaces were extended .The famous closed
graph theorem and Riesz Theorem were also established in 2-fuzzy 2-normed linear space. In [5] , we have
introduced the new concept of 2-fuzzy inner product space on F(X), the set of all fuzzy sets of X. This paper is
about the concepts related to two-fuzzy normed spaces (fuzzy convergence and fuzzy continuity).

1. PRELIMINARIES
Definition2.1.[3]Let X be a real vector space of dimension greater than one and let ||.,.|lbe a real valued
function on X x X satisfying the following conditions:

(1) llx,yll = 0 ifand only if x and y are linearly dependent,
@) oyl = lly,xll

(3) llax, y|| = |a|llx,y|| where a isreal,
4)  lxy+zl<lxyl + lxzll
II.,. I is called a two-norm on X and the pair (X, ||.,. || ) is called a two normed liner space.

Definition2.2.[3]Let X be a vector space over K (the field of real or complex numbers). A fuzzy subset N of
X %X R (R, the set of real numbers) is called a fuzzy norm on X if and only if for all
x,y €EX andc € K.
(N1) Forallt € Rwitht < O,N(x,t) = 0
(N2) Forallt € Rwitht > O,N(x,t) = lifandonlyifx = 0

(N3) Forallt € Rwitht > 0,N(cx,t) = N(x,C) =N(x,|):—|),ifc =0

(N4) Foralls,t € R,x,y € X,N(f + g,5 +t) > min{N(x,s),N(y,t)}
(N5) N(x,.)is a non decreasing function of R and ' N(x,t) = 1
The pair (X, N) will be referred to be as a fuzzy normed linear space.

Theorem2.3.[3]Let (X,N) be a fuzzy normed linear space . Assume further that (N6) N(x,t) >
0 forallt > 0impliesx = 0.

Define |lxll, = inf{t: N(x,t) > a}wherea € (0,1).

Then {llxll,: @ € (0,1)} is an ascending family of norms on X (or)a—normson X
corresponding to the fuzzy norm on X.

Definition2.4.[3]A fuzzy vector space X = X x (0,1]over the number field K, where the addition and scalar
multiplication operation on X are defined by

D)+ ) =+ yAANwand k(x, 1) = (kx, 1)
is a fuzzy normed space if to every (x, 1) € Xthere is associated a non-negative real number, ||(x,1)l|, called
the fuzzy norm of (x, 1), in such a way that

(1) [, DIl = 0iff x = 0the zero element of X,A € (0,1]
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2) l(ex, DIl = |k|ll¢x, DI, forall (x,A) € Xand all k G K
3 NED+ Gl <Al + 1, AAWIl for all (x, and
w € X
(4) UG, VAN = VI, )l for 4, € (0,1]
Let X be a nonempty and F(X)be the set of all fuzzy sets in X. If
f e FX)thenf = {(x,u):x € Xand p € (0,1]}. Clearly f is a bounded
function for|f (x)| < 1. Let K be the space of real numbers, then F(X) is a linear space over the field K
where the addition and scalar multiplication are defined by
f+g={Gw+ )= {(x + v, uAn): (x,1) € f,and (y,n) € g}
kf = {(kf,u):(x,u) € f}wherek € K. The linear space F(X) is said to be normed space if to everyf €
F(X), there is associated a non-negative real number |[f]| called the norm of fin such a way that

(1) lIfll = 0ifandonlyif f = 0 For,
Ifll =0 e {lxul:Cw € f} =0
ex =0, u € (0,1]
s f=0.
(2) lkfNl = |kIIfNl,k € K For,
Wefll = {llkx,ull: Cx,) € f,k € K}
= {lklllx,ull: Ce,) € £} =kl IfIl
3) If + gll < If | + Iglforeveryf,g€ F(X)
For, If + gll = {llx,) + .ml/x,y € X,um € (0,1]}
={ll(x + y),uMll:x,y € X,u,n € (0,1]}
< {llx,ull + lly, uMnll: (x, ) € fand(y,n) € g}
=fll + ligll

And so (F(X), Il is a normed linear space.

Definition2.6.[3]Let X be any non-empty set and F(X) be the set of all fuzzy sets on X. Then forU,V €
F(X)and k € K the field of real numbers, define

U+V = {(x + y,/l/l,u):(x,l) e U, (yu e V}and
kU = {(kx,2): (x,A) € U}.

Definition2.7.[3]A two-fuzzy set on X is a fuzzy set on F(X).

Definition2.8.[3]Let F(X) be a vector space over the real field K. A fuzzy subset N of
F(X) x R,(R, the set of real numbers) is called a 2-fuzzy norm on F(X) if and only if,
(N1) Forallt € Rwitht < O,N(f,t) = 0
(N2) Forallt € Rwitht > O,N(f,t) = lif andonlyif f = 0
(N3) Forallt € Rywitht = 0,N(cf,t) = N(f,lf—| if c # 0,c € K (field)

(N4) Foralls,t € RN(fi + f2,s,t) = min{N(f;,s), N(f;,t)}
(N5) N(f,*) : (0,0) — [0,1] is continuous
(N6) L N(f, ) =1

Then the pair (F(X), N) is a fuzzy two-normed vector space.

. Mainresult
Definition 3.1.Let (F(X), N,*) be a two-fuzzy normed space, then:
(@ A sequence{f,} in F(X) is said to fuzzy converges to f in F(X) if for each &€ (0,1) and each
t > 0, there exists ny, € Z* such that N(f,—ft) >1—¢ forall n=n, (Or
equivalently lim, . N (f, — f,t) =1).
(b) A sequence {f,} in F(X) is said to be fuzzy Cauchy if for each € € (0,1) and each t > 0, there
exists ny € Z* such that N (f,—f,,, t) > 1 — ¢ for all n,m = n, (Or equivalently
lim N (f, — f,,t)=1).

n,m-o
(c) A two-fuzzy normed space in which every fuzzy Cauchy sequence is fuzzy convergent is said to be
complete.
Theorem 3.2. Let (F(X), N,*) be a two-fuzzy normed space and let {f, }, {g,.} be two sequences in two-fuzzy
normed space F(X), and forall @; € (0,1) thereexista € (0,1) suchthat a * @ > «;.
(1) Every fuzzy convergent sequence is fuzzy Cauchy sequence.
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(2) Every sequence in F(X) has a unique fuzzy limit.
() Iff, —» f thencf,— cf,c € F/{0}.
@) If fo —=f, g,—g.then i+ g, > f +g.

Proof: (1) Let {f,} be a sequence in F(X) such that f,— f then for all
t>0, lim,, N (f,—f.5) =1,

Ny = furt) =N = ) = G = O 2N (fi = £,5) s N (fyo = £,5) ., by taking limitlim,, .. N (f, —
Jm, limn—olN fr—f 2Aimm—oN fm—f 2 =1x 1=1  but  limzn, m—oN fn—/fm, <1 then
lim,, ;o N (f, — fim, t) =1 therefore {f, } is a Cauchy sequence in F(X).

(2) Let {f, } be a sequence in F(X) such that f,— fand f,— g asn > wand f #gthenforallt> s> 0,
limn—moN(f;l _f,s) = 1:limn—>ooN(ﬁ1 —g,t—s) = 1N(f_g't) ZN(ﬁl —f,S) *N(fn —g,t—s)
Taking limit as n — co:

N(f-gt)=21+x1=1=butN(f—g,t) <1=N(f —g,t) = 1.

Then by axiom (i) f —g=0=f=g.

(3) Since f,, —»f thenif for all € € (0,1) and for all t >0, there exists

ng € Ztsuchthat N (f, — f,t) >1 —¢eforalln =nyputt =|t71

;
N(cfo=cfit) = N(h=fr)=N(a—f,) >1—¢

Thenc f,—cf.

(4) For each €;€ (0, 1)there existse € (0, 1) such that 1-gx*x(1—-¢&)=(1—- &) .Since
x,—x then foreach &€ (0,1) andeach t > 0, there exists n; € Z* such that N (f, — f, g) > 1 — ¢ forall

n > ny,since g,—g then if for each e (0,1) and each t > 0, there exists n, € Z* such that

N (g, — g,%) > 1—¢forall n =n,.Take ny = min {ny,n,}, and for each ¢t > 0, there exists n, € Z* such
that

N({(h*tg) -+ 9t) = N({(fp =f) +(@n—9)1) 2
NUp=f)*N(Gn—9.9)>A—e)x(1—&) = (1—¢g) forall n =ny.Then fi+g, > f + g.

Theorem 3.3.Let (F(X),N,*), (F(Y),N,*) be a two-fuzzy normed spaces and let f,— f, g,—g, such that
{f,} and {g,} are two sequences in F(X) and «,B € F / {0} then av (f,)+B w (g,) = a#(f) + B w(g)
whenever ¥ and w are two identity fuzzy functions.

Proof: For all € € (0, 1) there exist €, € (0, 1) such that 1-¢g)*(1 - &) =(1-¢),since
fu— f, thenforall & € (0,1) and ¢ >0 there exists n, €Z*such that

N (f;, —f,ﬁ) > (1— &) for all n=n,, and since g,—g then for all & € (0,1) and t >0 there exists

n, € Ztsuchthat N (g, — ¢, %ﬁl) > (1 — g)foralln =n,. Take ny =min {n;,n,}, n =n,

N ((av(f,) +Bw(g9,) - (@v(f) +Bw(@))=  N(aa(v(f)—v(N))+ Bw(g,) — w(g))t) =

N () =r(Pig)* N (@(9,) ~0(9). 577

=N (o= fig) *N G — 970> A — &)« (- &) 2 (1-¢)
@ (f;) +fw (9,) > @ v(f) + B w(g).

Theorem 3.4.A two-fuzzy normed space (F(X),N,*) is complete two-fuzzynormed space if every fuzzy

Cauchy sequence {f, } in F(X) has a fuzzy convergent subsequence.

Proof: Let {f,,} be a fuzzy Cauchy sequence in F(X) and {f,,, } be a subsequence of {f, } such that f,,, —f,
€ F(X).

ﬁow t(o [))rove fo—f. For all € € (0,1) there exist g;€ (0, 1) such that (1 — &) * (1 — &) =(1 — ¢). Since

{f..} is a fuzzy Cauchy sequence then for all t >0 and &, € (0, 1) there exists n, € Z*such that: N (f, — fm,§)>

1— g, foralln,m = n,.

Since {f,.,, } is fuzzy convergent to f, there exists im > n, such that N (f;, —f,%) >1— g

N (fy = £ ) =N (= fin) + (i —%)5+2) 2

N Gta=Xim D)* N (fim = f2) > (A= &)+ (1= &) = (1 -¢).
Therefore f, —f, {f,.} is fuzzy convergentto f Hence (F(X), N,*) is complete two-fuzzy normed space.
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Definition 3.5. Let (F(X),N,*) and (F(Y), N,*) be two-fuzzy normed spaces. The function v F(X) — F(Y) is
said to be fuzzy continuous at f; € F(X)if for all ¢ € (0,1) and all ¢t > 0 there exist § € (0,1) and s > 0such
that for all f € F(X)

N (f —fy,s)>1—-¢5impliesN (¢(f) — v(fy).t)>1—e.

The function f is called a fuzzy continuous function if it is fuzzy continuous at every point of F(X).

Theorem 3.6. Every identity fuzzy function is fuzzy continuous function in two-fuzzy normed space.

Proof: For alle € (0,1) andt > O thereexist s =tand< ¢, 6 € (0,1), N(f,—f,s)>1-96

N (e(f,))—¢(f),t) =N (f, —f,s) >1 -6 >1—¢ therefore v is a fuzzy continuous at f, since f is an
arbitrary point then v is a fuzzy continuous function.

Theorem 3.7.Let F(X) be a two-fuzzy normed space over F. Then the functions wF(X) X F(X) -
F(X).w(f,g) = f+ gand

w:FXF(X) - F(X),w(, f) = A f are fuzzy continuous functions.

Proof: (1) Let € € (0, 1) then there exists &, € (0, 1) such that A=—&)*(1-¢g)=1—¢).
let f,g € F(X) and {f,,}, {g,} in F(X) such that f, - f and g,— g asn — oo, then for each & € (0,1) and
each §> 0 there exists n; € Z*such that N (f;, —f,%) >1—¢ foralln >n;,and foreach & > 0and

§> 0 there exists n,e Ztsuch that N (gn —g,%) >1—gfor al n=n, , put
ny =min{ny, n3N (f (%, ¥,) = f(,¥),t) = N((f + ) —(F +9).0) =N (L =H+(gn—9)1) 2
N (fi—f2)*N (9.-9.5)>@—e)*(1—g) 21— efor all n=ny, therefore w(f,, gn) =

v(f,g) as n — oo, v is fuzzy continuous function at (x,y) and (x,y) is any point in F(X) X F(X), hence » is
fuzzy continuous function.
(2) Let f € F(X), Ae F and {fn} in F(X), {/1,,} in F such that f,—f and 4, = 1 as n — oo, then for each

TN woo N (o = fr3) =L M =2 [0asn = o0,

N(w(an,fn)—w@f) 0 = Ny = 4,0 = N (@ufa = M)+ (Raf =
D2 NG =NDNGE Q=D =N (fi-fizim) *NFzrm), by taking  limit.
lim, . N @ ) = @ A, ,6) Zlim, N (fo = fr577) *limao N (figri)=1+ 1= 1 but

lim,_ N (w4, f,) — o 4, f),t) < 1thenlim,_ N (w4, f,) — o (4,f),t) = 1 then
WA, fn) = @, f) as n = o, w is fuzzy continuous at (4, ) and (4, f) is any point in [F X F(X), hence w is
fuzzy continuous.

Theorem 3.8. Let (F(X), N,*) and (F(Y), N,*)be two-fuzzy normed spaces and let ¥ : F(X) — F(Y) be a linear
function. Then v is a fuzzy continuous either at every point of F(X) or at no point of F(X).

Proof: Let f;and f, be any two points of F(X) and suppose  is fuzzy continuous at f; . Then for each ¢ € (0, 1),
t > 0 there exist 6 € (0,1)such that f € F(X),N(f — f1,5) >1—36 = N (¢(f) — #(f1), t) > 1 — eNow:
N(f—=f»s)>1=6,N((f + fi — fa-f, $)>1-86 =N+ —f)-v(h)t) >1-e=
N (v(f) +e(fi) — () —#(fi),t) > 1—e= N (v(f) — #(f;),t) > 1 —¢ , v is a fuzzy continuous at f;,
since f,is arbitrary point. Hence v is a fuzzy continuous.

Corollary 3.9.Let (F(X),N,*) and (F(Y), N,*) be two-fuzzy normed spaces and let v : F(X) —» F(Y) be a
linear function. If » is fuzzy continuous at 0 then it is fuzzy continuous at every point.

Proof: Let {f, } be a sequence in F(X)such that there exist f,, andf,, — f;, since w is fuzzy continuous at 0 then:
Forall e € (0,1),t > 0 thereexist § € (0,1),s > 0: (f, — fo) € F(X)

N ((f,—f)-0,5)>1—-86= N (¢(f, — fo)-#(0),t) > 1—¢,

N(,—fo.s)>1-=6= N (¢(f,) —e(fy) -»(0),t) >1—¢

N, —fo,s)>1—-6= N (e(f,) —¢(fy)-0,t) >1—¢

N, —fo,s)>1—=6= N(e(f,) —v(fy), t) >1—¢

fn = fo = v(f,)— w(fy) therefore w is fuzzy continuous at f, since f, is arbitrary point, then v is fuzzy
continuous function.

Theorem 3.10.Let (F(X), N,*), (F(Y), N,*) be a two-fuzzy normed spaces, then the function v : F(X) —» F(Y)
is fuzzy continuous at f; € F(X)if and only if for all fuzzy sequence {f, } fuzzy convergent to f; in X then the
sequence {#(f,,)} is fuzzy convergent to #(f;) in Y.

Proof: Suppose the function w is fuzzy continuous in f; and let {f,} is a sequence in F(X)such that f, - f;.
Let £ € (0,1),t > 0, since v is fuzzy continuous inf, = there exist § € (0,1),s > 0, such that for all
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fEFX)N(f—-f,9)>1—6=N({)—v(fi).,t)>1—¢

Since f, - fy, 6 € (0,1),s > 0, there exist k € Z" such that

N (f, — fo,s)>1— & foralln = k hence N (#(f,)) — v(fy), t) > 1 — ¢ for all n > k therefore v(f,,) = #(f;).
Conversely suppose the condition in the theorem is true.

Suppose v is not fuzzy continuous at f;.

There exist € € (0,1),t > 0 such that for all § € (0,1),s > 0 there exist f € F(X) and N (f — f, s) > 1—
§ = N (v(f) —v(fy) t) <1 — &= foralln € Z" there exist f, € F(X)such that

N, —fo,s)>1 —% = N (¢(f,) —v(fy), t) <1 —ethatis mean f, — fyin F(X), but »(f;,) » #(fy) inY
this contradiction , v is fuzzy continuous at f;.

Theorem3.11. Let (F(X), Ny,*) (F(Y), N,,*) be two-fuzzy normed spaces. If the functions v : F(X) — F(Y),
w: (X) = F(Y) are two fuzzy continuous functions and with for all a there exist a; such that a; *a; >
a and a,a; € (0,1) then:

(Df + g, Qkf wriere k € F/{0}, are also fuzzy continuous functions over the same filed FF.

Proof: (1)Let € € (0, 1) then there exists &, € (0, 1) such that 1-&)*(1—-¢g)=1—¢).
Let {f, } be a sequence in F(X) such that f, — f. Since #, w are two fuzzy continuous functions at f thus for all
& €(0,1) and all t > 0 there exist § € (0,1) and s > 0such that for all f € F(X): Ni(f, —f,s)>1-9§

implies N, (#(f,) — v(f).2)> 1 - &,.
ANd N, (f, — f, 5) > 1 — & implies N, (o(f,) — @(f)5)> 1 —&

Now: Ny (v + 0)(f) = (7 + ) (), t) = No (o(f,) + () — w(f) — w(f), £) = N, (V’(fn) —v(f), %) *

N, (w(f,) — w(F),)

>S(I—g)*(1—g)=20—-¢9
Then v+ w is fuzzy continuous function.
(2) Let {f,,} be a sequence in F(X) such that f, = f.Thus for all &; € (0,1) and for all ¢t > 0, there exist§ €
(0,1)ands >0 3 N,(f, — f,s) > 1— implies N, (#(f,,) — #(f),t) > 1 — g , take t; = t|k|.
Then for all &, € (0,1) and for all t; > 0, there existd € (0,1) ands > 0 3 N;(f,, — f,s) > 1 — dimplies

Nz ((k w)(fu) = (k) (), t1) = Np(k(¥(fp) — #()), t1)
= No(v(f) —v(f), ) > 1 - ¢

Thenkvis a fuzzy continuous function.
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