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I. Introduction 
 The concept of fuzzy set was introduced by Zadeh [2] in 1965 as an extension of the classical notion of 
set. A satisfactory theory of 2-norm on a linear space has been introduced and developed by Gahler in [4]. The 

concept of fuzzy norm and 𝛼 − 𝑛𝑜𝑟𝑚 were introduced by Bag and Samanta and the notions of convergent and 

Cauchy sequences were also discussed in [6]. zhang [1] has defined fuzzy linear space in a different way. RM. 

Somasundaram and ThangarajBeaula defined the notion of fuzzy 2-normed linear space (F(X);N) or 2- fuzzy 2-

normed linear space. Some standard results in fuzzy 2- normed linear spaces were extended .The famous closed 

graph theorem and Riesz Theorem were also established in 2-fuzzy 2-normed linear space. In [5] , we have 

introduced the new concept of 2-fuzzy inner product space on F(X), the set of all fuzzy sets of X.  This paper  is 

about the concepts related to two-fuzzy normed spaces (fuzzy convergence and fuzzy continuity). 

 

II. PRELIMINARIES 

Definition2.1.[3]Let X be a real vector space of dimension greater than one and let  . , .  be a real valued 

function on X ×  X satisfying the following conditions: 

(1)  𝑥, 𝑦  =  0 if and only if x and y are linearly dependent, 

(2)  𝑥, 𝑦 =   𝑦, 𝑥  

(3)  𝛼𝑥, 𝑦   =  |𝑎| 𝑥, 𝑦    𝑤𝑕𝑒𝑟𝑒 𝛼 𝑖𝑠 𝑟𝑒𝑎𝑙, 

(4)  𝑥, 𝑦 + 𝑧 <  𝑥, 𝑦   +  𝑥, 𝑧  
 . , .   is called a two-norm on X and the pair (𝑋,  . , .    ) is called a two normed liner space. 

 

Definition2.2.[3]Let X be a vector space over K (the field of real or complex numbers). A fuzzy subset N of 

𝑋 ×  ℝ (ℝ, the set of real numbers) is called a fuzzy norm on X if and only if for all 

𝑥, 𝑦 ∈ 𝑋  𝑎𝑛𝑑 𝑐 ∈  𝐾. 
(N1) For all 𝑡 ∈  ℝ 𝑤𝑖𝑡𝑕 𝑡 ≤  0,𝑁(𝑥, 𝑡)  =  0 

(N2) For all 𝑡 ∈  ℝ 𝑤𝑖𝑡𝑕 𝑡 >  0,𝑁(𝑥, 𝑡)  =  1 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝑥 =  0 

(N3) For all 𝑡 ∈  ℝ 𝑤𝑖𝑡𝑕 𝑡 >  0, 𝑁 𝑐𝑥, 𝑡 =  𝑁 𝑥, 𝐶 = 𝑁  𝑥,
𝑥

 𝑐 
 , 𝑖𝑓 𝑐 =  0 

(N4) For all 𝑠, 𝑡 ∈  ℝ , 𝑥, 𝑦 ∈ 𝑋,𝑁(𝑓 +  𝑔, 𝑠 + 𝑡)  >  𝑚𝑖𝑛{𝑁(𝑥, 𝑠), 𝑁(𝑦, 𝑡)} 

(N5) 𝑁 𝑥, .  is a non decreasing function of ℝ and N(x, t)t→∞
lim = 1 

The pair (𝑋, 𝑁) will be referred to be as a fuzzy normed linear space. 

 

Theorem2.3.[3]Let  (𝑋,𝑁) be a  fuzz y normed l inear  space .  Assume 𝑓𝑢𝑟𝑡𝑕𝑒𝑟 𝑡𝑕𝑎𝑡 (𝑁6) 𝑁(𝑥, 𝑡) >
 0 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑡 >  0 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑥 =  0. 

Define   𝑥 𝛼  =  𝑖𝑛𝑓{𝑡 ∶  𝑁(𝑥, 𝑡) > 𝛼} 𝑤𝑕𝑒𝑟𝑒 𝛼 ∈  (0,1). 
Then { 𝑥 𝛼 ∶  𝛼 ∈  (0, 1)} i s an ascending family of  norms on X (or) α − norms on  𝑋 

cor responding to the fuzz y norm on  𝑋.  
 

Definition2.4.[3]A fuzzy vector space 𝑋  =  𝑋 × (0,1]over the number field K, where the addition and scalar 

multiplication operation on 𝑋 are defined by 

(𝑥, 𝜆) +  (𝑦, 𝜇)  =  (𝑥 +  𝑦, 𝜆 ⋀ 𝜇) 𝑎𝑛𝑑 𝑘(𝑥, 𝜆)  =  (𝑘𝑥, 𝜆) 
is a fuzzy normed space if to every (𝑥, 𝜆) ∈ 𝑋 there is associated a non-negative real number,  (𝑥, 𝜆) , called 

the fuzzy norm of (𝑥, 𝜆), in such a way that 

(1)  (𝑥, 𝜆) =  0 𝑖𝑓𝑓 𝑥 =  0 𝑡𝑕𝑒 𝑧𝑒𝑟𝑜 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑜𝑓 𝑋, 𝜆 ∈  (0,1] 
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(2)  (𝑘𝑥, 𝜆)  =  |𝑘| (𝑥, 𝜆) , 𝑓𝑜𝑟 𝑎𝑙𝑙 (𝑥, 𝜆) ∈  𝑋  𝑎𝑛𝑑 𝑎𝑙𝑙 𝑘 𝐺 𝐾 

(3)   𝑥, 𝜆 +   𝑦, 𝜇  <   𝑥, 𝜆 ⋀ 𝜇   +    𝑦, 𝜆 ⋀ 𝜇   𝑓𝑜𝑟 𝑎𝑙𝑙  𝑥, 𝜆 𝑎𝑛𝑑 
(𝑦, 𝜇)  ∈  𝑋  

(4)  𝑈(𝑥, ⋁𝜆𝑡)  = ⋁ (𝑥, 𝜆𝑡)  𝑓𝑜𝑟 𝜆𝑡  ∈  (0,1] 
Let 𝑋 be a nonempty and 𝐹(𝑋)be the set of all fuzzy sets in X. If 
𝑓 ∈  𝐹(𝑋) 𝑡𝑕𝑒𝑛 𝑓 =  { 𝑥, 𝜇 : 𝑥 ∈  𝑋 𝑎𝑛𝑑  𝜇 ∈  (0,1]}. Clearly f is a bounded 

function for 𝑓 (𝑥)  ≤  1 . Let K be the space of real numbers, then F(X) is a linear space over the field K 

where the addition and scalar multiplication are defined by 

𝑓 +  𝑔 =    𝑥, 𝜇 +   𝑦, 𝜂  = {(𝑥 +  𝑣, 𝜇⋀𝜂): (𝑥, 𝜇)  ∈ 𝑓, 𝑎𝑛𝑑 (𝑦, 𝑛) ∈  𝑔} 

𝑘𝑓 =  { 𝑘𝑓, 𝜇 : (𝑥, 𝜇) ∈  𝑓} 𝑤𝑕𝑒𝑟𝑒 𝑘 ∈  𝐾. The linear space 𝐹(𝑋) is said to be normed space if to every𝑓 ∈
 𝐹(𝑋), there is associated a non-negative real number  𝑓   called the norm of  f in such a way that 

 

(1)  𝑓   =  0 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝑓 =  0    For, 
  𝑓   =  0 ⇔ { 𝑥, 𝜇 : (𝑥, 𝜇)  ∈  𝑓}  =  0 

⇔ 𝑥 =  0, 𝜇 ∈   0,1  
⇔ 𝑓 =  0. 

(2)  𝑘𝑓 =  𝑘  𝑓  , 𝑘 ∈  𝐾      For, 
 𝑘𝑓  =  { 𝑘𝑥, 𝜇 :  𝑥, 𝜇 ∈  𝑓, 𝑘 ∈  𝐾 } 
=  { 𝑘  𝑥, 𝜇 :  𝑥, 𝜇 ∈  𝑓 }  =|𝑘|  𝑓  

(3)  𝑓 +  𝑔  ≤   𝑓   +   𝑔  𝑓𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 𝑓, 𝑔 ∈ 𝐹(𝑋) 

For,  𝑓 +  𝑔  =  { (𝑥, 𝜇)  +  (𝑦, 𝜂) /𝑥, 𝑦 ∈  𝑋, 𝜇, 𝜂 ∈  (0,1]} 

= { (𝑥 +  𝑦), 𝜇⋀𝜂 : 𝑥, 𝑦 ∈  𝑋, 𝜇, 𝜂 ∈  (0,1]} 
≤  { 𝑥, 𝜇  +   𝑦, 𝜇⋀𝜂 : (𝑥, 𝜇)  ∈  𝑓𝑎𝑛𝑑(𝑦, 𝜂)  ∈  𝑔} 

=   𝑓   +   𝑔  

And so (𝐹(𝑋),  .  ) is a normed linear space. 
 

Definition2.6.[3]Let 𝑋 be any non-empty set and 𝐹(𝑋) be the set of all fuzzy sets on 𝑋. Then for𝑈, 𝑉 ∈
 𝐹 𝑋 𝑎𝑛𝑑 𝑘 ∈  𝐾 the field of real numbers, define 

𝑈 +  𝑉 =    𝑥 +  𝑦, 𝜆 𝛬 𝜇 :  𝑥, 𝜆 ∈  𝑈,  𝑦, 𝜇 ∈  𝑉 𝑎𝑛d 

𝑘𝑈 =  {(𝑘𝑥, 𝜆) ∶  (𝑥, 𝜆)  ∈  𝑈}. 

 
Definition2.7.[3]A two-fuzzy set on 𝑋 is a fuzzy set on 𝐹(𝑋). 

 
Definition2.8.[3]Let F(X) be a vector space over the real field K. A fuzzy subset N of 

𝐹(𝑋)  ×  ℝ, (ℝ ,  the set of real numbers) is called a 2-fuzzy norm on 𝐹(𝑋) if and only if, 

(N1) 𝐹𝑜𝑟 𝑎𝑙𝑙 𝑡 ∈  ℝ 𝑤𝑖𝑡𝑕 𝑡 ≤  0,𝑁(𝑓, 𝑡)  =  0 

(N2) 𝐹𝑜𝑟 𝑎𝑙𝑙 𝑡 ∈  ℝ 𝑤𝑖𝑡𝑕 𝑡 >  0,𝑁(𝑓, 𝑡)  =  1 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝑓 =  0 

(N3) 𝐹𝑜𝑟 𝑎𝑙𝑙 𝑡 ∈  ℝ,𝑤𝑖𝑡𝑕 𝑡 ≥  0 , 𝑁(𝑐𝑓, 𝑡)  =  𝑁(𝑓,
𝑦

 𝑐 
) 𝑖𝑓 𝑐 ≠  0, 𝑐 ∈  𝐾 (𝑓𝑖𝑒𝑙𝑑) 

(N4) 𝐹𝑜𝑟 𝑎𝑙𝑙 𝑠, 𝑡 ∈  ℝ,𝑁(𝑓1  +  𝑓2 , 𝑠, 𝑡)  ≥  𝑚𝑖𝑛{𝑁(𝑓1 , 𝑠), 𝑁(𝑓2 , 𝑡)} 
(N5) 𝑁(𝑓,•) ∶  (0, ∞)  →  [0,1] is continuous 

(N6)  𝑁(𝑓, 𝑡)𝑡→∞
𝑙𝑖𝑚   =  1 

Then the pair (𝐹(𝑋),𝑁) is a fuzzy two-normed vector space. 

 

III. Mainresult 
Definition 3.1.Let (𝐹(𝑋),𝑁,∗) be a two-fuzzy normed space, then: 

(a) A sequence{𝑓𝑛} in  𝐹(𝑋) is said to fuzzy converges to 𝑓 in 𝐹(𝑋) if for each   𝜀 ∈ (0, 1)  and each 

𝑡 >  0, there exists 𝑛0 ∈ 𝑍+ such that                𝑁 (𝑓𝑛 − 𝑓, 𝑡)  >  1 −  𝜀   for all 𝑛 ≥ 𝑛0 (Or 

equivalently  lim𝑛→∞ 𝑁  𝑓𝑛 − 𝑓, 𝑡 = 1 ). 

(b) A sequence {𝑓𝑛} in 𝐹(𝑋) is said to be fuzzy Cauchy if for each 𝜀 ∈ (0, 1) and each   𝑡 >  0, there 

exists 𝑛0 ∈ 𝑍+ such that 𝑁 (𝑓𝑛−𝑓𝑚 , 𝑡)  > 1 − 𝜀 for all 𝑛,𝑚 ≥ 𝑛0 (Or equivalently 

lim
𝑛,𝑚→∞

𝑁  𝑓𝑛 − 𝑓𝑚 , 𝑡 = 1). 

(c) A two-fuzzy normed space in which every fuzzy Cauchy sequence is fuzzy convergent is said to be 

complete. 

Theorem 3.2. Let (𝐹(𝑋), 𝑁,∗) be a two-fuzzy normed space and let {𝑓𝑛}, {𝑔𝑛} be two sequences in two-fuzzy 

normed space 𝐹(𝑋), and   for all 𝛼1 ∈ (0, 1) there exist 𝛼 ∈ (0, 1) such that 𝛼 ∗ 𝛼 ≥ 𝛼1. 

(1) Every fuzzy convergent sequence is fuzzy Cauchy sequence. 
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(2) Every sequence in 𝐹(𝑋) has a unique fuzzy limit. 

(3) If 𝑓𝑛  → 𝑓 then 𝑐𝑓𝑛→ 𝑐𝑓, 𝑐 ∈   𝔽/ 0 . 
(4) If   𝑓𝑛  →𝑓,  𝑔𝑛→𝑔, then 𝑓𝑛+ 𝑔𝑛 → 𝑓 + 𝑔. 

 

Proof: (1) Let {𝑓𝑛 } be a sequence in 𝐹(𝑋) such that  𝑓𝑛→ 𝑓 then for all 

𝑡 > 0 , lim𝑛→∞ 𝑁  𝑓𝑛 − 𝑓,
𝑡

2
 = 1, 

𝑁 𝑓𝑛 − 𝑓𝑚 , 𝑡 = 𝑁 (𝑓𝑛 − 𝑓) − (𝑓𝑚 − 𝑓), 𝑡 ≥ 𝑁  𝑓𝑛 − 𝑓,
𝑡

2
 ∗ 𝑁  𝑓𝑚 − 𝑓,

𝑡

2
   , by taking limit:lim𝑛,𝑚→∞ 𝑁  𝑓𝑛 −

𝑓𝑚, 𝑡≥lim𝑛→∞𝑁 𝑓𝑛−𝑓, 𝑡2∗lim𝑚→∞𝑁 𝑓𝑚−𝑓, 𝑡2 =1∗ 1=1   but   lim𝑛, 𝑚→∞𝑁 𝑓𝑛−𝑓𝑚, 𝑡≤1 then  

lim𝑛,𝑚→∞ 𝑁  𝑓𝑛 − 𝑓𝑚 , 𝑡  =1 therefore {𝑓𝑛 } is a Cauchy sequence in 𝐹(𝑋). 

(2) Let {𝑓𝑛 } be a sequence in 𝐹(𝑋) such that  𝑓𝑛→ 𝑓 and 𝑓𝑛→ 𝑔  as 𝑛 → ∞ and   𝑓 ≠ 𝑔 then for all 𝑡 >  𝑠 > 0 , 

lim𝑛→∞ 𝑁  𝑓𝑛 − 𝑓, 𝑠 = 1, lim𝑛→∞ 𝑁  𝑓𝑛 − 𝑔, 𝑡 − 𝑠 = 1𝑁  𝑓 − 𝑔, 𝑡 ≥ 𝑁 𝑓𝑛 − 𝑓, 𝑠 ∗ 𝑁 𝑓𝑛 − 𝑔, 𝑡 − 𝑠  
Taking limit as 𝑛 → ∞: 

𝑁  𝑓 − 𝑔, 𝑡 ≥ 1 ∗ 1 = 1.⟹ 𝑏𝑢𝑡𝑁  𝑓 − 𝑔, 𝑡 ≤ 1 ⟹ 𝑁  𝑓 − 𝑔, 𝑡 = 1. 
Then by axiom (ii) 𝑓 − 𝑔 = 0 ⟹ 𝑓 = 𝑔. 

(3) Since 𝑓𝑛  →𝑓   then if for all 𝜀 ∈ (0, 1) and for all 𝑡 >0, there exists 

𝑛0 ∈ 𝑍+ such that 𝑁 (𝑓𝑛 − 𝑓, 𝑡)  > 1 − 𝜀 for all 𝑛 ≥ 𝑛0put 𝑡 =
𝑡1

 𝑐 
. 

𝑁 (𝑐 𝑓𝑛 − 𝑐𝑓, 𝑡1)  =  𝑁 (𝑓𝑛 − 𝑓,
𝑡1

 𝑐 
) = 𝑁 (𝑓𝑛 − 𝑓, 𝑡)  > 1 − 𝜀 

Then 𝑐 𝑓𝑛→ 𝑐 𝑓. 

(4) For each   𝜀1∈ (0, 1)there existsε ∈ (0, 1) such that                              (1 − 𝜀) ∗ (1 − 𝜀) ≥ (1 − 𝜀1) .Since 

𝑥𝑛→𝑥   then for each    𝜀 ∈ (0, 1) and each  𝑡 > 0, there exists  𝑛1 ∈ 𝑍+ such that  𝑁 (𝑓𝑛 − 𝑓,
𝑡

2
) > 1 − 𝜀 for all 

𝑛 ≥ 𝑛1 , since 𝑔𝑛→𝑔   then  if  for each   ∈ (0, 1)  and each 𝑡 > 0, there exists 𝑛2 ∈ 𝑍+ such that 

𝑁 (𝑔𝑛 − 𝑔,
𝑡

2
) > 1 − 𝜀 for all 𝑛 ≥ 𝑛2.Take  𝑛0 = 𝑚𝑖𝑛 {𝑛1 , 𝑛2}, and for each 𝑡 > 0, there exists  𝑛0 ∈ 𝑍+ such 

that 

𝑁 ((𝑓𝑛+ 𝑔𝑛 ) − (𝑓 +  𝑔), 𝑡)  =  𝑁 ((𝑓𝑛 − 𝑓) + (𝑔𝑛 − 𝑔), 𝑡)  ≥ 

𝑁 (𝑓𝑛 − 𝑓,
𝑡

2
) ∗ 𝑁 (𝑔𝑛 − 𝑔, 

𝑡

2
) > (1 − 𝜀) ∗ (1 − 𝜀) ≥ (1 − 𝜀1)  for all    𝑛 ≥ 𝑛0. Then  𝑓𝑛+ 𝑔𝑛 →  𝑓 +  𝑔. 

 

Theorem 3.3.Let (𝐹(𝑋),𝑁,∗), (𝐹(𝑌),𝑁,∗) be a two-fuzzy normed spaces and let  𝑓𝑛→ 𝑓, 𝑔𝑛→𝑔, such that 

{𝑓𝑛} and {𝑔𝑛} are two sequences in 𝐹(𝑋) and 𝛼, 𝛽 ∈  𝔽 / {0} then 𝛼ᴪ (𝑓𝑛 )+𝛽 ⍵ (𝑔𝑛) → 𝛼 ᴪ(𝑓)  + 𝛽 ⍵(𝑔) 

whenever ᴪ and ⍵ are two identity fuzzy functions. 

Proof: For all ε ∊ (0, 1) there exist 𝜀1∊ (0, 1) such that                              (1 − 𝜀1) ∗ (1 − 𝜀1) ≥(1 − 𝜀), since 

𝑓𝑛→ 𝑓,  then for all  𝜀1 ∈ (0, 1) and 𝑡 >0 there exists 𝑛1∊𝑍
+such that 

𝑁 (𝑓𝑛 − 𝑓,
𝑡

2 𝛼 
) > (1 − 𝜀1) for all 𝑛 ≥ 𝑛1 , and since 𝑔𝑛→𝑔 then for all 𝜀1 ∈ (0, 1) and t >0 there exists 

𝑛2 ∈ 𝑍+such that    𝑁 (𝑔𝑛 − 𝑔, 
𝑡

2 𝛽 
) >  1 − 𝜀1 for all 𝑛 ≥ 𝑛2. Take  𝑛0 = 𝑚𝑖𝑛 {𝑛1 , 𝑛2}, 𝑛 ≥ 𝑛0 

𝑁 ((𝛼 ᴪ(𝑓𝑛 ) +𝛽⍵ (𝑔𝑛)) – (𝛼 ᴪ(𝑓)  + 𝛽 ⍵(𝑔)), 𝑡)=  𝑁  𝛼⍺  ᴪ 𝑓𝑛  − ᴪ 𝑓  +  𝛽 ⍵ 𝑔𝑛 − ⍵ 𝑔  , 𝑡 ≥

 𝑁 (ᴪ(𝑓𝑛 )−ᴪ(𝑓),
𝑡

2 𝛼 
)∗ 𝑁 (⍵(𝑔𝑛) −⍵(𝑔),

𝑡

2 𝛽 
) 

=𝑁 (𝑓𝑛 − 𝑓,
𝑡

2 𝛼 
) ∗ 𝑁 (𝑔𝑛 − 𝑔,

𝑡

2 𝛽 
)>  1 − 𝜀1 ∗  1 − 𝜀1 ≥ (1 − 𝜀) 

𝛼 ᴪ (𝑓𝑛) +𝛽⍵ (𝑔𝑛) → 𝛼 ᴪ(𝑓)  + 𝛽 ⍵(𝑔). 
 

Theorem 3.4.A two-fuzzy normed space (𝐹(𝑋), 𝑁,∗) is complete two-fuzzynormed space if every fuzzy 

Cauchy sequence {𝑓𝑛} in 𝐹(𝑋) has a fuzzy convergent subsequence. 

Proof: Let {𝑓𝑛} be a fuzzy Cauchy sequence in 𝐹(𝑋) and {𝑓𝑛𝑚 } be a subsequence of {𝑓𝑛} such that 𝑓𝑛𝑚  →𝑓, 

𝑓 ∈ 𝐹(𝑋). 

Now to prove 𝑓𝑛→𝑓. For all 𝜀 ∊  (0, 1) there exist 𝜀1∊ (0, 1) such that (1 − 𝜀1) ∗ (1 − 𝜀1) ≥(1 − 𝜀). Since 

{𝑓𝑛} is a fuzzy Cauchy sequence then for all 𝑡 >0 and 𝜀1∊ (0, 1) there exists 𝑛0 ∈ 𝑍+such that: 𝑁 (𝑓𝑛 − 𝑓𝑚 ,
𝑡

2
)>

1 − 𝜀1, for all 𝑛,𝑚 ≥ 𝑛0. 

Since {𝑓𝑛𝑚 } is fuzzy convergent to 𝑓, there exists  𝑖𝑚 ≥ 𝑛0 such that   𝑁 (𝑓𝑖𝑚 − 𝑓,
𝑡

2
) > 1 − 𝜀1 

𝑁 (𝑓𝑛 − 𝑓, t) =𝑁 ((𝑓𝑛 − 𝑓𝑖𝑚 ) + (𝑓𝑖𝑚 − 𝑥),
𝑡

2
+
𝑡

2
 ) ≥ 

𝑁 (𝑥𝑛−𝑥𝑖𝑚 ,
𝑡

2
)∗ 𝑁 (𝑓𝑖𝑚 − 𝑓,

𝑡

2
) >  1 − 𝜀1 ∗  1 − 𝜀1 ≥ (1 − 𝜀). 

Therefore 𝑓𝑛  →𝑓, {𝑓𝑛} is fuzzy convergent to  𝑓   Hence (𝐹(𝑋), 𝑁,∗) is complete two-fuzzy normed space. 
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Definition 3.5. Let  𝐹(𝑋),𝑁,∗  and (𝐹(𝑌),𝑁,∗) be two-fuzzy normed spaces. The function ᴪ: 𝐹(𝑋) → 𝐹(𝑌) is 

said to be fuzzy continuous at 𝑓0 ∈ 𝐹(𝑋)if for all 𝜀 ∈ (0, 1) and all 𝑡 > 0 there exist 𝛿 ∈ (0, 1) and  𝑠 > 0 such 

that for all 𝑓 ∈ 𝐹(𝑋) 

𝑁 (𝑓 − 𝑓0 , 𝑠) > 1 − 𝛿 implies 𝑁 (ᴪ 𝑓 − ᴪ(𝑓0),𝑡)> 1 − 𝜀. 
The function 𝑓 is called a fuzzy continuous function if it is fuzzy continuous at every point of 𝐹(𝑋). 
 

Theorem 3.6. Every identity fuzzy function is fuzzy continuous function in two-fuzzy normed space. 

Proof: For all 𝜀 ∈ (0, 1) and 𝑡 > 0 there exist  𝑠 = 𝑡 and < 𝜀, 𝛿 ∈ (0, 1) ,    𝑁 (𝑓𝑛 − 𝑓, 𝑠) > 1 − 𝛿 

𝑁 (ᴪ(𝑓𝑛 )−ᴪ(𝑓), 𝑡) = 𝑁 (𝑓𝑛 − 𝑓, 𝑠) > 1 − 𝛿 > 1 − 𝜀  therefore ᴪ is a fuzzy continuous at 𝑓, since 𝑓 is an 

arbitrary point then ᴪ is a fuzzy continuous function. 

Theorem 3.7.Let 𝐹(𝑋) be a two-fuzzy normed space over 𝔽. Then the functions   ᴪ: 𝐹(𝑋) × 𝐹(𝑋) →
𝐹(𝑋),ᴪ(𝑓, 𝑔)  =  𝑓 +  𝑔 and 

⍵: 𝔽 × 𝐹(𝑋) → 𝐹(𝑋),⍵(𝜆, 𝑓)  =  𝜆 𝑓 are fuzzy continuous functions. 

Proof: (1) Let ε ∊ (0, 1) then there exists  𝜀1 ∊ (0, 1) such that                                (1 − 𝜀1) ∗( 1 − 𝜀1) ≥ (1 −ε). 

let 𝑓, 𝑔 ∊ 𝐹(𝑋) and {𝑓𝑛}, {𝑔𝑛} in 𝐹(𝑋) such that 𝑓𝑛 →  𝑓 and  𝑔𝑛→ 𝑔 as 𝑛 → ∞, then for each 𝜀1 ∊ (0, 1) and 

each  
𝑡

2
>  0 there exists    𝑛1 ∊ 𝑍+such that  𝑁 (𝑓𝑛 − 𝑓,

𝑡

2
 )  > 1 − 𝜀1 for all 𝑛 ≥ 𝑛1 , and for each    𝜀1 > 0 and  

𝑡

2
> 0 there exists 𝑛2 ∊ 𝑍+such that  𝑁  𝑔𝑛 − 𝑔,

𝑡

2
 > 1 − 𝜀1for all 𝑛 ≥ 𝑛2 , put  

𝑛0  = 𝑚𝑖𝑛{𝑛1 , 𝑛2}𝑁 (𝑓(𝑥𝑛 , 𝑦𝑛) − 𝑓(𝑥, 𝑦), 𝑡)  =  𝑁 ((𝑓𝑛 +  𝑔𝑛) − (𝑓 + 𝑔), 𝑡)  = 𝑁 ((𝑓𝑛 − 𝑓) + ( 𝑔𝑛 − 𝑔), 𝑡)  ≥

𝑁  𝑓𝑛 − 𝑓,
𝑡

2
 ∗ 𝑁  𝑔𝑛 − 𝑔,

𝑡

2
 > (1 − 𝜀1) ∗ ( 1 − 𝜀1)  ≥ 1 −  𝜀 for all 𝑛 ≥ 𝑛0 , therefore   ᴪ(𝑓𝑛 , 𝑔𝑛 ) →

ᴪ(𝑓, 𝑔) 𝑎𝑠 𝑛 → ∞, ᴪ is fuzzy continuous function at (𝑥, 𝑦) 𝑎𝑛𝑑 (𝑥, 𝑦) is any point in 𝐹(𝑋) × 𝐹(𝑋), hence ᴪ is 

fuzzy continuous function. 

(2) Let  𝑓 ∊ 𝐹(𝑋), 𝜆∊  𝔽 and {𝑓𝑛} in 𝐹(𝑋), {𝜆𝑛} in 𝔽 such that 𝑓𝑛→𝑓 and  𝜆𝑛 → 𝜆 as 𝑛 → ∞, then for each 
𝑡 

2 𝜆𝑛  
> 0,  lim𝑛→∞ 𝑁  𝑓𝑛 − 𝑓,

𝑡 

2 𝜆𝑛  
 =1, |𝜆𝑛 − 𝜆  |→0 as 𝑛 → ∞, 

𝑁 (⍵(𝜆𝑛 , 𝑓𝑛 ) − ⍵ (𝜆, 𝑓), 𝑡)  =   𝑁 (𝜆𝑛𝑓𝑛 −  𝜆𝑓, 𝑡) =                                          𝑁 ((𝜆𝑛𝑓𝑛 − 𝜆𝑛𝑓) + ( 𝜆𝑛𝑓 −

𝑓 𝜆), 𝑡) ≥  𝑁 (𝜆𝑛 (𝑓𝑛 − 𝑓),
𝑡

2
) ∗ 𝑁 (𝑓 (𝜆𝑛 −  𝜆),

𝑡

2
)  = 𝑁  𝑓𝑛 − 𝑓,

𝑡 

2 𝜆𝑛  
 ∗ 𝑁 (𝑓,

𝑡 

2 𝜆𝑛−𝜆 
) , by taking limit: 

lim𝑛→∞ 𝑁 (⍵(𝜆𝑛 , 𝑓𝑛 ) − ⍵ (𝜆, 𝑓), 𝑡) ≥ lim𝑛→∞ 𝑁  𝑓𝑛 − 𝑓,
𝑡 

2 𝜆𝑛  
 ∗ lim𝑛→∞ 𝑁  𝑓,

𝑡 

2 𝜆𝑛−𝜆 
 =1 ∗ 1 = 1  but 

lim𝑛→∞ 𝑁 (⍵(𝜆𝑛 , 𝑓𝑛 ) − ⍵ (𝜆, 𝑓), 𝑡) ≤ 1 then lim𝑛→∞ 𝑁 (⍵(𝜆𝑛 , 𝑓𝑛 ) − ⍵ (𝜆, 𝑓), 𝑡) = 1 then 
⍵(𝜆𝑛 , 𝑓𝑛 ) →  ⍵(𝜆, 𝑓) 𝑎𝑠 𝑛 → ∞, ⍵ is fuzzy continuous at (𝜆,⍵) and (𝜆, 𝑓) is  any point in 𝔽 × 𝐹(𝑋), hence ⍵ is 

fuzzy continuous. 

 

Theorem 3.8. Let  𝐹(𝑋), 𝑁,∗  and (𝐹(𝑌), 𝑁,∗)be two-fuzzy normed spaces and let ᴪ ∶ 𝐹(𝑋) → 𝐹(𝑌) be a linear 

function. Then ᴪ is a fuzzy continuous either at every point of 𝐹(𝑋)  or at no point of 𝐹(𝑋). 

Proof: Let 𝑓1and 𝑓2 be any two points of 𝐹(𝑋) and suppose ᴪ is fuzzy continuous at 𝑓1 .Then for each  𝜀 ∈ (0, 1), 

𝑡 > 0 there exist 𝛿 ∈ (0, 1)such that 𝑓 ∈ 𝐹(𝑋), 𝑁(𝑓 − 𝑓1 , 𝑠) > 1 − 𝛿 ⟹ 𝑁 (ᴪ(𝑓) − ᴪ(𝑓1 ), 𝑡) > 1 − 𝜀Now: 

𝑁  𝑓 − 𝑓2 , 𝑠 > 1 − 𝛿 , 𝑁 ((𝑓 + 𝑓1 − 𝑓2)−𝑓1, 𝑠) > 1 − 𝛿 ⟹ 𝑁 (ᴪ(𝑓 + 𝑓1 − 𝑓2)−ᴪ(𝑓1), 𝑡) > 1 − 𝜀 ⟹
𝑁 (ᴪ 𝑓 + ᴪ(𝑓1) − ᴪ(𝑓2 ) − ᴪ(𝑓1 ), 𝑡) > 1 − 𝜀 ⟹ 𝑁 (ᴪ 𝑓 − ᴪ(𝑓2), 𝑡) > 1 − 𝜀 , ᴪ is a fuzzy continuous at 𝑓1 , 

since 𝑓2is arbitrary point. Hence ᴪ is a fuzzy continuous. 

 

Corollary 3.9.Let  𝐹(𝑋), 𝑁,∗  and (𝐹(𝑌), 𝑁,∗) be two-fuzzy normed spaces and let ᴪ ∶ 𝐹(𝑋) → 𝐹(𝑌) be a 

linear function. If ᴪ is fuzzy continuous at 0 then it is fuzzy continuous at every point. 

Proof: Let {𝑓𝑛} be a sequence in 𝐹(𝑋)such that there exist 𝑓0 , and𝑓𝑛 → 𝑓0 , since ᴪ is fuzzy continuous at 0 then: 

For all 𝜀 ∈  0, 1 , 𝑡 > 0 there exist 𝛿 ∈  0, 1 , 𝑠 > 0:  𝑓𝑛 − 𝑓0 ∈ 𝐹 𝑋  

, 𝑁 ((𝑓𝑛 − 𝑓0)−0, 𝑠) > 1 − 𝛿 ⇒  𝑁 (ᴪ(𝑓𝑛 − 𝑓0)– ᴪ(0), 𝑡) > 1 − 𝜀, 

𝑁 (𝑓𝑛 − 𝑓0 , 𝑠) > 1 − 𝛿 ⇒  𝑁 (ᴪ(𝑓𝑛 ) − ᴪ(𝑓0) –ᴪ(0), 𝑡) > 1 − 𝜀 

𝑁 (𝑓𝑛 − 𝑓0 , 𝑠) > 1 − 𝛿 ⇒  𝑁 (ᴪ 𝑓𝑛  − ᴪ(𝑓0) –0, 𝑡) > 1 − 𝜀 

𝑁 (𝑓𝑛 − 𝑓0 , 𝑠) > 1 − 𝛿 ⇒  𝑁 (ᴪ 𝑓𝑛  − ᴪ(𝑓0) , 𝑡) > 1 − 𝜀 

𝑓𝑛 → 𝑓0 ⇒ ᴪ(𝑓𝑛 )→ ᴪ(𝑓0) therefore ᴪ is fuzzy continuous at 𝑓0 since 𝑓0  is arbitrary point, then ᴪ is fuzzy 

continuous function. 

 

Theorem 3.10.Let  𝐹(𝑋),𝑁,∗ , (𝐹(𝑌), 𝑁,∗) be a two-fuzzy normed spaces, then the function ᴪ ∶ 𝐹(𝑋) → 𝐹(𝑌) 

is fuzzy continuous at 𝑓0 ∈ 𝐹(𝑋)if and only if for all fuzzy sequence {𝑓𝑛} fuzzy convergent to 𝑓0 in 𝑋 then the 

sequence {ᴪ(𝑓𝑛 )} is fuzzy convergent to ᴪ(𝑓0) in 𝑌. 

 

Proof: Suppose the function ᴪ is fuzzy continuous in 𝑓0 and let {𝑓𝑛} is a sequence in 𝐹(𝑋)such that 𝑓𝑛 → 𝑓0. 

Let 𝜀 ∈  0, 1 , 𝑡 > 0,  since ᴪ is fuzzy continuous in𝑓0 ⟹ there exist 𝛿 ∈  0, 1 , 𝑠 > 0,  such that for all 



Some properties of  two-fuzzy Nor med spaces 

www.iosrjournals.org                                                        34 | Page 

𝑓 ∈ 𝐹(𝑋): 𝑁 (𝑓 − 𝑓0 , 𝑠) > 1 −  𝛿 ⟹ 𝑁 (ᴪ(𝑓) − ᴪ(𝑓0), 𝑡) > 1 − 𝜀 

Since 𝑓𝑛 → 𝑓0, 𝛿 ∈  0,1 , 𝑠 > 0 , there exist 𝑘 ∈ 𝑍+ such that 

𝑁 (𝑓𝑛 − 𝑓0 , 𝑠) > 1 −  𝛿 for all 𝑛 ≥ 𝑘 hence 𝑁 (ᴪ(𝑓𝑛 ) − ᴪ(𝑓0), 𝑡) > 1 − 𝜀 for all 𝑛 ≥ 𝑘 therefore ᴪ(𝑓𝑛 ) → ᴪ(𝑓0). 

Conversely suppose the condition in the theorem is true. 

Suppose ᴪ is not fuzzy continuous at 𝑓0. 

There exist 𝜀 ∈  0, 1 , 𝑡 > 0 such that for all 𝛿 ∈  0, 1 , 𝑠 > 0 there exist 𝑓 ∈ 𝐹(𝑋) and 𝑁 (𝑓 − 𝑓0, 𝑠) > 1 −
 𝛿 ⟹ 𝑁 (ᴪ(𝑓) − ᴪ(𝑓0) 𝑡) ≤ 1 − 𝜀 ⟹  for all 𝑛 ∈ 𝑍+ there exist 𝑓𝑛 ∈ 𝐹(𝑋)such that 

𝑁 (𝑓𝑛 − 𝑓0 , 𝑠) > 1 −
1

𝑛
  ⟹  𝑁 (ᴪ(𝑓𝑛 ) − ᴪ(𝑓0), 𝑡) ≤ 1 − 𝜀 that is mean 𝑓𝑛 → 𝑓0 in 𝐹(𝑋), but ᴪ(𝑓𝑛 ) ↛ ᴪ(𝑓0) in 𝑌 

this contradiction , ᴪ is fuzzy continuous at 𝑓0 . 

 

Theorem3.11. Let (𝐹(𝑋),𝑁1 ,∗) (𝐹(𝑌), 𝑁2,∗) be two-fuzzy normed spaces. If the functions  ᴪ ∶ 𝐹(𝑋) → 𝐹(𝑌), 

⍵: (𝑋) → 𝐹(𝑌) are two fuzzy continuous functions and with  for all 𝑎 there exist 𝑎1 such that 𝑎1  ∗ 𝑎1  ≥
𝑎  𝑎𝑛𝑑 𝑎, 𝑎1  ∈  0, 1  then: 
 1 𝑓 + 𝑔, (2)𝑘𝑓  𝑤𝑕 𝑒𝑟𝑒 𝑘 ∈ 𝔽/{0}, are also fuzzy continuous functions over the same filed 𝔽. 

Proof: (1)Let ε ∊  (0, 1) then there exists  𝜀1 ∊ (0, 1) such that                                (1 − 𝜀1) ∗( 1 − 𝜀1) ≥ (1 −ε). 

Let {𝑓𝑛 } be a sequence in 𝐹(𝑋) such that 𝑓𝑛 → 𝑓. Since ᴪ, ⍵ are two fuzzy continuous functions at 𝑓 thus for all 

𝜀1 ∈ (0, 1) and all 𝑡 > 0 there exist 𝛿 ∈ (0, 1) and  𝑠 > 0 such that for all 𝑓 ∈ 𝐹(𝑋):  𝑁1(𝑓𝑛 − 𝑓, 𝑠) > 1 − 𝛿 

implies 𝑁2  (ᴪ 𝑓𝑛 − ᴪ(𝑓),
𝑡

2
)> 1 − 𝜀1 . 

And 𝑁1(𝑓𝑛 − 𝑓, 𝑠) > 1 − 𝛿 implies 𝑁2  (⍵ 𝑓𝑛  − ⍵(𝑓),
𝑡

2
)> 1 − 𝜀1 

Now:  𝑁2  ᴪ + ⍵  𝑓𝑛 −  ᴪ + ⍵  𝑓 , 𝑡 = 𝑁2 ᴪ 𝑓𝑛 + ⍵ 𝑓𝑛 − ᴪ 𝑓 − ⍵ 𝑓 , 𝑡 ≥ 𝑁2  ᴪ 𝑓𝑛 − ᴪ 𝑓 ,
𝑡

2
 ∗

𝑁2  ⍵ 𝑓𝑛 − ⍵ 𝑓 ,
𝑡

2
  

> (1 − 𝜀1)  ∗ ( 1 − 𝜀1) ≥ (1 − 𝜀) 

Then  ᴪ + ⍵ is fuzzy continuous function. 

(2) Let {𝑓𝑛 } be a sequence in 𝐹(𝑋) such that 𝑓𝑛 → 𝑓.Thus for all 𝜀1 ∈ (0, 1) and for all 𝑡 > 0, there exist 𝛿 ∈
(0, 1) and𝑠 > 0 ∋  𝑁1(𝑓𝑛 − 𝑓, 𝑠) > 1 − 𝛿implies 𝑁2 (ᴪ 𝑓𝑛  − ᴪ(𝑓), 𝑡) > 1 − 𝜀1  , take  𝑡1 = 𝑡 𝑘 . 
Then for all 𝜀1 ∈ (0, 1) and for all 𝑡1 > 0, there exist 𝛿 ∈ (0, 1) and 𝑠 > 0 ∋  𝑁1(𝑓𝑛 − 𝑓, 𝑠) > 1 − 𝛿implies 

N2((𝑘 ᴪ) 𝑓𝑛  − (𝑘ᴪ)(𝑓), 𝑡1) = 𝑁2(𝑘( ᴪ(𝑓𝑛 ) − ᴪ(𝑓)), 𝑡1) 

=  𝑁2(ᴪ(𝑓𝑛) − ᴪ(𝑓), 𝑡) > 1 − 𝜀1  

Then𝑘ᴪis a fuzzy continuous function. 
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