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Abstract: We prove a value distribution theorem for meromorphic functions having few poles from which we 

obtain several interesting results which improve some results of W. Doeringer, C.C.Yang, A.P.Singh, 

G.P.Barker and others. 

 

I. Introduction And Main Results 
Let f be a transcendental meromorphic function in the plane. 

A monomial in f, is an expression of the form         k1o
nkn1n

f...fffM   where n0, n1, n2,…,nk are non 

negative integers.  

 k210M n...nnn   is called the degree of the monomial and 

   .weightthe,n1k...n2n k10M   

        If      fM,...,fM,fM n21  denote monomials in f, then,  

     Q[f] =      fMa...fMafMa nn2211  ,   is,n,...,2,1i0awhere i  called a differential 

polynomial in f  of degree  nj1:Max
jMQ   and weight   njMax

jMQ  1:

 Also, we call the numbers 
jM

nj1
Q  min 


 and k (the order of the highest derivative of f) the lower 

degree and the order of Q[f] respectively. If Q[f]  ,QQ   is called a homogeneous differential  

 

II. polynomial. 
W.K.Hayman in his well known problem book „Problems in Function Theory‟ has raised some 

interesting open problems related to the value distribution of differential polynomials. 

In 1988, Hong-XunYi[6]  proved the following result: 

Theorem A: Let f be transcendental meromorphic function in the plane and Q1[f]   0, Q2[f ]   0 be 

differential polynomials in f.  

Let     0za  a.........fafafP n0

1n

1n

n

n1  

   

 If      , fQfQ fPF 211    then  

    
 

     f,rSf,rN 1
fP

1
,r N

F

1
,rNf,rT n

222 QQ

1

Q 
















 . 

Thinking on the same lines, we considered a different combination of differential polynomials and 

obtained an interesting result which generalizes the result of Hong-Xun Yi. 

The following theorem is our main result. 

Theorem 1: Let f be transcendental meromorphic function in the plane and 

 Q1[f]   0, Q2[f ]   0 be differential polynomials in f.  

 Let     0za  a.........fafafP n0

1n

1n

n

n1  

              (1) 

 and     0zb  b.........fbfbfP m0

1m

1m

m

m2  

             (2) 

 where n > m.  

   If        fQ fPfQ fPF 2211                 (3) 
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Then,    
   

     f,rSf,rN 1
fP

1
,rN3

fP

1
,rN

F

1
,rNf,rT n

222 QQ

21

Q 























 . 

To prove the above Theorem, we require the following Lemmas.  

Lemma 1[2]:  Suppose P1[f] is as in (1). 

Then, m(r, P1[f]) = n m(r, f) + S(r, f)  

Lemma 2 [4]: Let f(z) be a transcendental meromorphic function, P[f] and Q[f] be differential polynomials in f. 

If degree of Q[f] is at most n and ]f[Q]f[Pf n  , then ,  m(r, P[f]) = S(r, f). 

Lemma 3 [3]:  If P[f] is a homogeneous differential polynomial of degree n, then,    

 )f,r(S
f

]f[P
,r m

n









. 

Lemma 4 [6]:  Suppose that Q[f] is a differential polynomial in f. Let z0 be a pole of  f  of order m and not a 

zero or a pole of the co-efficients of Q[f]. Then z0 is a pole of Q[f] of order atmost m  QQQ   . 

Lemma 5 [11]:  If Q[f] is a differential polynomial in f with arbitrary meromorphic co-efficients
j

q , then 

)f,r(S)q,r(m)f,r(m])f[Q,r(m
n

1j

jQ  


. 

Proof of Theorem 1: 

  We have        fQfPfQfPF 2211    

Therefore,        fQfP
F

F
fQfP

F

F
F 2211





  

        Also,                    








 fPfQfQfPfPfQfQfPF 22221111  

Hence, we have  

       
                 

         















fPfQfQfP

fPfQfQfPfQfP
F

F
fQfP

F

F

2222

11112211

  

Therefore,   

 
 

 
 













 




















 







]f[P

]f[Q]f[P
]f[Q

F

F
]f[Q]f[P

]f[P

]f[Q]f[P
]f[Q]f[Q

F

F
]f[P

2

22
222

1

11
111 . 

Or,  
 

 
 













 


































 







]f[P

]f[Q]f[P
]f[Q

F

F
]f[Q

]f[P

]f[Q]f[P
]f[Q]f[Q

F

F

]f[P

1
].f[P

2

22
22

1

11
11

2

1 , 

which is of the form,       fQf*Q fP1  ,                                         (4) 

      where,   
   

]f[P]f[P

]f[Q]f[P

]f[P

]f[Q
]f[Q

]f[FP

F
]f[Q

21

11

2

1
1

2

*










  

     and  
 

]f[P

]f[Q]f[P
]f[Q

F

F
]f[Q]f[Q

2

22
22









 .                                          (5) 

 

Without loss of generality, let us assume that   .0fQ   

By Lemma 2,     f,rSf*Q,rm   

Again from (4),  
 
 f*Q

fQ
fP1   
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Therefore,                
 











f*Q

1
,rmfQ,rmfP,rm 1              (6) 

Again by Lemma 5 and(5), m       f,rSf,rmfQ,r
2Q              (7) 

From the First Fundamental Theorem, we have  

    )f,r(S
]f[Q

1
,rN]f[Q,rN

]f[Q

1
,rm

*

*

*


















            (8) 

Also, all the poles of  f*Q  occur at the zeros of F,    fPandfP 21 , the pole of f, and the zeros and poles of 

the co-efficients. Suppose z0 is a pole of f of order m. Then z0 is a pole  fP1 of order mn.  

From Lemma 4, z0 is a pole of Q[f] of order atmost  1m
222 QQQ   

If z0 is a pole of Q*[f], since  
 
 fP

fQ
f*Q

1

 , 

z0 is a pole of Q*[f] of order atmost    mn1m
222 QQQ   

                 =    
222 QQQ nm1   

If z0 is a pole of Q*[f] then since 
 

 
 

,
fQ

fP

f*Q

1 1  

z0 is a zero of 
]f[Q

1
*

of order atleast       1mmn
222 QQQ   

                                        =    1nm
222 QQQ   

Thus, we have,  

       
     






































fP

1
,rN3

fP

1
,rN

F

1
,rN

f*Q

1
,rNf*Q,rN

21

 

           f,rSf,r Nnf,r N 1
222 QQQ              (9) 

In view of (7), (8), (9), the equation (6) becomes , 

    
   





























fP

1
,rN3

fP

1
,rN

F

1
,rNf,rmf,rnm

21

Q2
 

            f,r Sf,r Nnf,rN 1
222 QQQ  . 

Hence, we have  

    
   





























fP

1
,rN3

fP

1
,rN

F

1
,rNf,rTn

21

Q2
 

        f,rSf,rN1
22 QQ  . 

Hence the result. 

Putting     theinffPandffP 1n

2

n

1

 above theorem, we get the following. 

Theorem 2:  Let f,    fQ, fQ 21  be as defined in Theorem 1.   

              Let    fQffQfF 2

1n

1

n  .  

Then, 

          f,rSf,rN1
f

1
,rN4

F

1
,rNf,rTn

222 QQQ 
















  

If   we,1fP2  get the following. 

Theorem 3: Let      fQand fQ, fP 211  be as defined in Theorem 1.  
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If      , fQfQ fPF 211    then  

    
 

     f,rSf,rN 1
fP

1
,r N

F

1
,rNf,rT n

222 QQ

1

Q 
















  

which is the result of Hong Xun Yi [5]. 

As an application of theorem 2, we have the following. 

Theorem 4: Let ]f[QfF n  where ]f[Q  is a differential polynomials in f.  

If n  1, then fFfF     and      

Proof  : If ]f[QfF n ,then by theorem2, we have  

 )f,r(S)f,r(N)
f

1
,r(N4)

F

1
,r(N)f,r(Tn  . 

Clearly, the zeros and poles of f are that of F respectively.  

Therefore,      f,rSF,rN
F

1
,rN4 f,rN

f

1
,rN4 

















 

Therefore, )f,r(S)f,r(N)
f

1
,r(N4)

F

1
,r(N)f,r(Tn   

                 f,rSF,rT6   

 Therefore,       .r  as  F,rTOf,rT   

Also, we know that      .r  as  f,rTOF,rT   

Hence the Theorem.  

Theorem 5: No transcendental meromorphic function f with   









f

1
,rNf,rN =S(r,f) 

can satisfy an equation of the form  

                  F= 0a]f[Qfa]f[Qfa 32

1n

21

n

1  
     (9) 

where 0a,0a 31  , n is a positive integer with 
2Qn  ,  fQ1  and ]f[Q2  are   

differential polynomials in f.  

Proof: Suppose there exists a transcendental meromorphic function f satisfying (9). 

Then by theorem 2, we have, 

         f,rSf,rN1
f

1
,rN4

F

1
,rNf,rTn

222 QQQ 
















  

                       ≤ )f,r(S)
f

1
,r(N5   

Or, 
)f,r(T

)f,r(S)
f

1
,r(N5

n
2Q



 =
 
 f,rT

f,rS
 by hypothesis. 

 

Or, 0n
2Q  , which implies 

2Qn  which contradicts the choice of n. 

Hence the result. 

 This improves our earlier result namely 

Theorem A [10]:  No transcendental meromorphic function f with N(r, f) = S(r, f) can satisfy the equation  

           0(z)af (z)fzaf(z)f(z)a 32

1n

21

n 

1  
,    

where    fandf 21  are differential polynomials of degree n and n – 1 respectively and n > 1, and 

    .0(z)aand.nffdegMax 12

1n 
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