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Abstract: We prove a value distribution theorem for meromorphic functions having few poles from which we
obtain several interesting results which improve some results of W. Doeringer, C.C.Yang, A.P.Singh,
G.P.Barker and others.

I.  Introduction And Main Results
Let f be a transcendental meromorphic function in the plane.

A monomial in f, is an expression of the form M[f] =f" (f ® )nl (f (k))nk where ng, ny, N....,n, are non
negative integers.
Ym=Ng+N +N,+...4+Nn, is called the degree of the monomial and
T, =N, +2n, +...+ (k+1)n,, the weight.
If M,[f] M,[f]...., M, [f] denote monomials in f, then,
Qi = a,M[f]+a,M,[f]+..+a,M,[f], wherea, #0(i=12,...,n)iscalled a differential

polynomial in f of degree v, = Max)n(,\,,J 1< < n} and weight T, = Max{l“Mj 1<) < n}
Also, we call the numbers yq = T.in Ym, and k (the order of the highest derivative of f) the lower
— <j<n

degree and the order of Q[f] respectively. If Y4 =7, QIf] is called a homogeneous differential

Il.  polynomial.
W.K.Hayman in his well known problem book ‘Problems in Function Theory’ has raised some
interesting open problems related to the value distribution of differential polynomials.
In 1988, Hong-XunYi[6] proved the following result:
Theorem A: Let f be transcendental meromorphic function in the plane and Q[f] # 0, Qu[f ] # 0 be

differential polynomials in f.
Let P[f]=a f"+a f " +..... +a, (a,(z)#0)
If F=P,[f]Q,[f]+Q,[f], then

(n ~7o, )T(r,f)s N(r,%) +N [r%ﬁ]} + (FQZ ~7o, +1)N(r,f) +5(r,f).

Thinking on the same lines, we considered a different combination of differential polynomials and
obtained an interesting result which generalizes the result of Hong-Xun Yi.
The following theorem is our main result.
Theorem 1: Let f be transcendental meromorphic function in the plane and

Qi[f] # 0, Q;[f] # 0 be differential polynomials in f.

Let P[f]=a f"+a f " +..... +a, (a,(z)%0) @)
and P,[f]=b f"+b,_f™ +.... +b, (b, (z)#£0) @)
where n > m.

If F:P1[f]Q1[f]+P2[f]Q2[f] ®)
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Then, (n =74 )T(r,f) < N(r,%)+ﬁ£r,ﬁ]+3ﬁ£r,%ﬁﬂ+ﬁ“ —7q, +LN(r,£)+S(r,f).

To prove the above Theorem, we require the following Lemmas.

Lemma 1[2]: Suppose P,[f] is as in (1).

Then, m(r, P,[f]) = n m(r, f) + S(r, f)

Lemma 2 [4]: Let f(z) be a transcendental meromorphic function, P[f] and Q[f] be differential polynomials in f.
If degree of Q[f] is at most nand f"P[f]= Q[f], then, m(r, P[f]) = S(r, ).

Lemma 3 [3]: If P[f] is a homogeneous differential polynomial of degree n, then,

P[f
m (r f[ ]j S(r,f).
Lemma 4 [6]: Suppose that Q[f] is a differential polynomial in f. Let z, be a pole of f of order m and not a
zero or a pole of the co-efficients of Q[f]. Then z, is a pole of Q[f] of order atmost m Yot (FQ ~Yq ) .

Lemma 5 [11]: If Q[f] is a differential polynomial in f with arbitrary meromorphic co-efficientsqj, then

m(r,Q[f]) < me(r,f) + im(r, qj) +S(r,f).

Proof of Theorem 1:

We have F=P1[f]Ql[f]+P2[f]Q2[f]
Therefore, F’=FE,Pl[f] Ql[f]JrFE' Pz[f] Qz[f]

aiso, ' =R[f] (Quff) + Q] RIf] +P.[FAQ[F] +Q.[FP.[r])

Hence, we have

SrlQlfl+ = rldQl=RIN QI + 1Rl
RIFIQ.IF) +Q,[fXP.[f])
Therefore,
C (PIF) Qf1 | P (P,[f]) Q,[f]
P[f]{ Q- (QuIfY) -, | =PI (QIF) -~ Qulf)+ 2 e
1 C (PIF) QIfT || P (P,If]) Q,[f]
or, Pl[f]{P[f][ QIf1-(@QIf) - ]}[(QZ[H) e }
which is of the form, P,[f]Q*[f]= Q[f]. 4)
. (QIF)  (PIFD) QuIF]
vihere Q[f]‘FP[f] Y YN
0 Q] = (QuIf]) — £ Qulf1+ 27 ©)

Without loss of generality, let us assume that Q[f ] % 0.
By Lemma 2, m(r,Q*[f])=S(r,f)

Qlf]

Q*[f]

Again from (4), P [f]
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Therefore, m(r,P,[f]) < m(r,Q[f]) + m(r, Q*L[f]} (6)

Again by Lemma 5 and(5), m (I’, Q[f ]) <Yo, m(r,f)+ S(r,f) (7
From the First Fundamental Theorem, we have

1
m( Q[f]j QTN ( Q*[f]]+s(r’f) ?

Also, all the poles of Q* [ ] occur at the zeros of F, P, [f] and P, [f] the pole of f, and the zeros and poles of
the co-efficients. Suppose z, is a pole of f of order m. Then z; is a pole P, [f] of order mn.

From Lemma 4, z, is a pole of Q[f] of order atmost Mygq, + (FQZ —Yo, +1)
Qlf]
P.If]
Z, is a pole of Q*[f] of order atmost My, + ( —Yo, +1)
(FQZ ~Yq +1) (n—sz)
1__Rf]
Q*[f] <lf

*1f] of order atleast MmN — {mYQZ + (FQZ ~Yaq, +1)}

If zo is a pole of Q*[f], since Q* [f] =

If zy is a pole of Q*[f] then since

Zo is a zero of

= m(n Yo, )_ (FQQ —Ya, +1)
Thus, we have,

N(V.Q*[f])_N(r'Q*L[f]JSN( Ijm( Pll[f]}sﬁ( le[f]j

+(F Yo, +1) (n Yo, )N f)+5(r,f) 9)
In view of (7), (8), (9), the equation (6) becomes

am(,f)< yo.m (rf)+N( F [ 1[f]j+3N( ]

+(F Yo, +1) (n yQ) rf +S

Hence, we have

(n—quﬁ<r’f)ﬁﬁ[f’%j+ﬁ( win) pf[fﬂ

(F ~7o, +1) N(r,f) +S(r,f).
Hence the result.

Putting P,[f]=f"and P, [f]=f"in the above theorem, we get the following.
Theorem 2: Let f, Ql[f],Q2 [f] be as defined in Theorem 1.

Let F=f"Q,[f]+f""Q,[f].

(n—sz)T(r,f)SN(r,éj+4ﬁ(r,%)+(r ~Yo, +1) N(r,f) +S(r,f)

If P, [f]=1,we get the following.
Theorem 3: Let P,[f],Q,[f] and Q, [f] be as defined in Theorem 1.

Then,
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If F=P,[f]Q,[f]+Q,[f], then
=10, )TN e N 1 3 |+, v 4N o0

which is the result of Hong Xun Yi [5].
As an application of theorem 2, we have the following.

Theorem 4: Let F = f"Q[f] where Q[f] is a differential polynomials in f.
Ifn>1then p =p, and A.=A2,
Proof : If F=f"Q[f] then by theorem2, we have

nT(r,f) < N(r,%) + 4N(r,%) +N(r, f) +5(r, ).
Clearly, the zeros and poles of f are that of F respectively.

Therefore, 4N(r, flj +N(r,f)< 4N(I’, %j +N(r,F) +5(r,f)

Therefore, nT(r,f) < N(r,%) + 4N(r,%) + N(r, )+ S(r, f)

<6 T(r,F)+S(r,f)
Therefore, T(r,f)= O{T(r, F)} as r— oo.
Also, we know that T(r, F) = O{T(r,f)} as r — oo
Hence the Theorem.

. : - NI
Theorem 5: No transcendental meromorphic function f with N(r,f)+ N r,? =S(r,f)

can satisfy an equation of the form
F=a,f"Q,[f]1+a,f"'Q,[f]+a, =0 ©)
where a8, #0, a; #0, nisa positive integer with N >y, , Ql[f] and Q,[f] are

differential polynomials in f.
Proof: Suppose there exists a transcendental meromorphic function f satisfying (9).
Then by theorem 2, we have,

(n ~Yo, )T(r,f)s N[r,%j +4N(r,%j + (FQZ ~Yo, +1)N(r,f) +9(r,f)
55N(r,f1)+5(r,f)

— 1
5 N(r,F) +S(r,T) ] S(r,f

Or, N — < =
"N, T(r.f) T(r,f)

by hypothesis.

Or, N—y,, < 0, which implies n < Y o, Which contradicts the choice of n.

Hence the result.
This improves our earlier result namely
Theorem A [10]: No transcendental meromorphic function f with N(r, f) = S(r, f) can satisfy the equation

a,@[f @)]"m(f)+a,(2)[f @] "'n, (F)+a;(2) =0,

where nl(f)and T, (f)are differential polynomials of degree n and n — 1 respectively and n > 1, and
Max{deg(f"*r, (f))}< n. anda, (z) £ 0.
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