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Abstract: In this paper the terms, simple po ternary semigroup, globally idempotent po ternary semigroup,
semisimple element, regular element, left regular element, lateral regular element, right regular element,
completely regular element, intra regular element in a poternary semigroup are introduced. It is proved that, if
a is a completely regular element of a po ternary semigroup T then a is left regular, lateral regular and right
regular. It is proved that in any po ternary semigroup T, the following are equivalent (1) Principal po ideals of
T form a chain. (2) Po ideals of T form a chain. It is proved that a po ternary semigroup T is simple po ternary
semigroup ifand only if (TTaTT] =T forallaeT.
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I.  Introduction :

The algebraic theory of semigroups was widely studied by CLIFFORD [2],[3], PETRICH [11] and
LYAPIN[10]. The ideal theory in general semigroups was developed by ANJANEYULU [1]. The theory of
ternary algebraic systems was introduced by LEHMER [8] in 1932. LEHMER investigated certain algebraic
systems called triplexes which turn out to be commutative ternary groups. Ternary semigroups are universal
algebras with one associative ternary operation. The notion of ternary semigroup was known to BANACH who
is credited with example of a ternary semigroup which can not reduce to a semigroup. SIOSON [15] introduced
the ideal theory in ternary semigroups. He also introduced the notion of regular ternary semigroup. SANTIAGO
[12] developed the theory of ternary semigroups.He studied regular and completely regular ternary
semigroups.In this paper we introduce the notions of regular element, completely regular element, intra regular
element in a po ternary semigroup, simple po ternary semigroupand characterize simple po ternary semigroup.

Il.  Preliminaries :
DEFINITION 2.1 : Aternary semigroup T is said to be a partially ordered ternary semigroup if T is a partially

ordered set such that a <b = [aa,a,] <[baa,], [a,aa,]<[aba,], [a,a,a] < [a,a,b] for alla,b,a,,a,

eT.

NOTE 2.2 : An element ‘@’ of a po ternary semigroup T is a two sided identity provided aat =att = taa =tta =t
and t< a for all teT.

DEFINITION 2.3: An element a of a po ternary semigroup T is said to be a zero of T provided abc = bac =
bca=aand a<b, a<c forallbce T.

DEFINITION 2.4: A nonempty subset A of a po ternary semigroup T is said to be poleft ternary idealor
poleftidealof T if i) b,ce T,ae Aimpliesbcae A.ii)Ifae Aandte Tsuchthat t <athente A
DEFINITION 2.5 : A nonempty subset A of a po ternary semigroup T is said to be polateral ternary idealor
polateral idealof T if i) b, ce T, ae A implies bace A. ii) If ae A and
te Tsuchthat t <athente A.

DEFINITION 2.6 : A nonempty subset A of a po ternary semigroup T is said to be poright ternary idealor
poright idealof T ifi) b,ce T,ae Aimpliesabce A.ii)Ifac Aandte Tsuchthat t <athente A.
DEFINITION 2.7 : A nonempty subset A of a po ternary semigroup T is said to be potwo sided ternary idealor
potwo sided idealof T if i) b, ce T, ae A implies bcacA, abce A,
ii) Ifae Aandte Tsuchthat t <athente A.

DEFINITION 2.8 : A nonempty subset A of a po ternary semigroup T is said to be
po ternary idealor poidealof T if i) b, ce T, ae A implies bcacA, baceA, abce A,
ii)Ifaec Aandte Tsuchthat t <athente A.

THEOREM 2.9 : The union of any family of poleft ideals (or lateralpoideals or right
poideals or two sidedpoideals orpoideals ) of a po ternary semigroup T is a poleft ideal
(or lateralpoideal or rightpoideal or two sidedpo ideal orpoideal ) of T.
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THEOREM 2.10: The po-left ideal (orpo lateral ideals or po right ideals or po two sided ideals or po
ideals )of a po ternary semigroup T generated by a non-empty subset A is the intersection of all po left
ideals (or po lateral ideal or po right ideal or po two sided ideal or po ideal )of T containing A.
THEOREM 2.11: If T is a po ternary semigroup and a€T then L(a) = (a UTTa].

THEOREM 212 : If T is a po ternary semigroup and a€T then M(a) =
(auTaTuTTaTT].

THEOREM 2.13 : If T is a po ternary semigroup and a€T then R(a) = (a UaTT].

I11.  Special Elemets In Po Ternary Semigroups :
DEFINITION 3.1 : An element a of a poternary semigroup T is said to be regular if there exist x, y€ T such
that a <axaya.
NOTE 3.2: An element a of a po ternary semigroup T is regular iff a€ (axaya].
DEFINITION 3.3:A poternary semigroup T is said to be a regular po ternary semigroupprovided every
element is regular.
DEFINITION 3.4 : An element a of a po ternary semigroup T is said to be left regular if there exist x, ye T
such that a < a’xy.
DEFINITION 3.5 : An element a of a po-ternary semigroup T is said to be lateral regular if there existx, ye T
such that a< xa’y.
DEFINITION 3.6 : An element a of a po ternary semigroup T is said to be right regular if there existx, ye T
such that a < xya®.
DEFINITION 3.7 : An element a of a po ternary semigroup T is said to be intra regular if there exist x, ye T
such that a< xa’y.
DEFINITION 3.8 : An element a of a po ternary semigroup T is said to be completely regular if there exist X,
ye T such that a <axaya and axa = xaa = aax = aya = yaa = aay = axy = yxa = xay = yax.
DEFINITION 3.9 : An element a of a po ternary semigroup T is said to be completely regular if there exist x,
ye T such that a € (axaya] and axa = xaa = aax = aya = yaa = aay = axy = yxa = xay = yax.
DEFINITION 3.10 : Apo ternary semigroup T is said to be a completely regularpoternary semigroup provided
every element in T is completely regular.
THEOREM 3.11 : Let T be a po ternary semigroup and a€ T. Ifais a completely regular element, then a
is regular, left regular, lateral regular and right regular.
Proof : Suppose that a is completely regular.
Then there exist x, ye T such that a <axaya and
axa = xaa = aax = aya = yaa = aay = axy = yxa = xay = yax. Clearly a is regular.
Now a < axaya < axaay < aaaxy <a’xy. Therefore a is left regular.
Also a< axaya < xaaya< xaaay <xa’y. Therefore a is lateral regular.
And a< axaya< xaaya<xyaaa<xya’. Therefore a is right regular.

THEOREM 3.12 : Let T be a po ternary semigroup and @ € T . If ais regular then a is semisimple.
Proof : Suppose that a is regular.

Then a < axaya for some x,ye T=ae (<a >3]

Therefore a is semisimple.

THEOREM 3.13 : Let a be an element of a po ternary semigroup T. If a is left regular or lateral regular
or right regular, then a is semisimple.

Proof :Suppose a is left regular. Then a < a’xy for some x, ye T=>ae ( <a>?].

Therefore a is semisimple.

If a is lateral regular, then a<xa®y for some x, yé T = ae ( <a>?).

Therefore a is semisimple.

If a is right regular, then a <xya® for some x, y € T=>ae (<a>’].

Therefore a is semisimple.

THEOREM 3.14 : Let a be an element of a po ternary semigroup T. If ais intraregular then a is
semisimple.

Proof : Suppose a is intra regular.

Then a <xa’y<xa’a’y forsomex,y e T=>ae(<a>’].

Therefore a is semisimple.
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IV.  Simple Partially Ordered Ternary Semigroups :

DEFINITION 4.1 : A po ternary semigroup T is said to be a left simple poternary semigroupif T is its only
poleft ideal.
THEOREM 4.2: Let T be a po ternarysemigroup. Then (TTa] is a po left ideal of T
for all aeT.

Proof : Let re (TTa] andb, ceT.

re (TTa]=r < xfor somexe TTa.
X€ TTa=X =yza where y, z€T.

Now r < x=bcr < bex =ber < beyzae TTa=bcre (TTa].

Letse(TTa] and teT such thatt<s.

se (TTa]=s < x for some XxeTTa.

t<s, s<x=t<x=te (TTa].

teT, t<x, xeTTa=>te (TTa].

Hence (TTa] is a poleft ideal of T.

THEOREM 4.3: A po ternary semigroup T is a left simple poternary semigroup if and only if (TTa] =T
for all aeT.

Proof: Suppose that T is a left simple po ternary semigroup and a€T.

By theorem 4.2, (TTa] is a poleft ideal of T.

Since T is a left simple po ternary semigroup, (TTa] =T.

Therefore (TTa] =T for all a€T.

Conversely suppose that (TTa] =T for all a€T.

Let L be a poleft ideal of T.

Letle L. Thenl €T. By assumption (TTI]=T.

LetseT. Thens e (TTI] =s<xyl forsome x,y €T.

le L, x, yeT and L is a poleft ideal =xyle L =se L.

Therefore T € L. Clearly L €T and hence T = L.

Therefore T is the only poleft ideal of T.

Hence T is left simple poternary semigroup.

DEFINITION 4.4 : A po ternary semigroup T is said to be a lateral simple poternary semigroupif T is its only
polateral ideal.

THEOREM 4.5: Let T be a po ternarysemigroup. Then ( TaTUTTaTT] is a polateral ideal of T for all
a€eT.

Proof : Let re (TaTu TTaTT] andb, ceT.

re (TaTuTTaTT]=r <x for some xeTaTu TTaTT.

XeTaTu TTaTT =x =yaz or x =yzauv where y, z, u, VET.

If x =yaz thenr < x=brc < bxc =brc <byazceTTaTT=brce (TaTu TTaTT].

If x =yzauv thenr < x=>brc < bxc =brc < byzauvce TaT =brce (TaTu TTaTT].

Letse (TaTu TTaTT] and teT such thatt <s.

se(TaTu TTaTT]=s < x for some xeTaTu TTaTT.

t<s,s<x=t<x=te(TaTu TTaTT].

teT, t<x,xeTaTu TTaTT=te (TaTu TTaTT].

Hence (TaTu TTaTT] is a polateral ideal of T.

THEOREM 4.6: A po ternary semigroup T is a lateralsimple poternary semigroup if and only if ( TaTu
TTaTT] =T for all aeT.

Proof: Suppose that T is a lateral simple po ternary semigroup and a€T.

By theorem 4.5, (TaTu TTaTT] is a po lateral ideal of T.

Since T is a lateral simple poternary semigroup, ( TaTu TTaTT] =T.

Therefore (TaTu TTaTT] =T for all a€T.

Conversely suppose that ( TaTu TTaTT] =T for all a€T.

Let M be a polateral ideal of T.

Let meM. Then meT. By assumption (TmTU TTmTT] =T.

LetseT. Thens €(TmTU TTmTT]=s < xmyor s < xumyv for some x, y, u, v €T.

meM, x, YET and M is a polateral ideal =xmyeM=seM.

meM, x, ¥, u, v €T and M is a polateral ideal =xumyveM=seM. Therefore T =M. Clearly M<T and hence T
=M.

Therefore T is the only polateral ideal of T. Hence T is lateralsimple po ternary semigroup.

DEFINITION 4.7 : A po ternary semigroup T is said to be a right simple po ternary semigroupif T is its only
poright ideal.
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THEOREM 48: Let T be a po ternarysemigroup. Then (aTT] is a poright ideal of T
for all aeT.

Proof : Let re (aTT] andb, ceT.

re (aTT]=r <x for some xeaTT.

xeaTT =X =ayz where y, z€T.

Now r < x=rbc < xbc =rbc <ayzbceaTT =rbce (aTT].

Letse (aTT] and teT such thatt <s.

se (aTT]=s < x for some xeaTT.

t<s,s<x=t<x=te (aTT].

teT, t<x, xeaTT =te (aTT].

Hence (aTT] is a poright ideal of T.

THEOREM 4.9 : A po ternary semigroup T is a right simple poternary semigroup if and only if (@TT]=T
for all aeT.

Proof: Suppose that T is a right simple po ternary semigroup and a€T.

By theorem 4.8, (aTT] is a poright ideal of T.

Since T is a right simple po ternary semigroup, (aTT] =T.

Therefore (aTT] =T for all a€T.

Conversely suppose that (aTT] = T for all a€T.

Let R be a poright ideal of T.

Let reR. ThenreT. By assumption (rTT]=T.

LetseT. Thens € (rTT] =s <rxy for some x, y €T.

reR, x, yeT and R is a poright ideal =rxyeR=seR.

Therefore T cR. Clearly RET and hence T = R.

Therefore T is the only poright ideal of T.

Hence T is right simple poternary semigroup.

DEFINITION4.10 : Anideal A of a po ternary semigroup T is called a globally idempotent

po-ideal if (A"] = ( A ] for all odd natural number n.

DEFINITION4.11 : A po ternary semigroup T is said to be a globally idempotent
po ternary semigroup if (T"] = (T ] for all odd natural number n.

THEOREM 4.12 : If A'is a po ideal of a po ternary semigroup T with unity 1and 1€ Athen A=T.

Proof : Clearly A < T.

Lett €T.

le A/teT, Aisapoideal of T = 11te A=te A

Therefore T C A.

Hence AC T, TCA=T=A

DEFINITION 4.13 : An ideal A of a po ternary semigroup T is said to be a proper
po ideal of T if A is different from T.

DEFINITION 4.14 : An ideal A of a po ternary semigroup T is said to be a trivial
po ideal provided T\ A is singleton.

DEFINITION 4.15 : An ideal A of a po ternary semigroup T is said to be a maximal
po ideal provided A is a proper po ideal of T and is not properly contained in any proper po ideal of T.
THEOREM 4.16 : If T is a po ternary semigroup with unity 1 then the union of all proper po ideals of T
is the unique maximal po ideal of T.

Proof : Let M be the union of all proper po ideals of T.

Since 1 is not an element of any proper po ideal of T, 1¢ M.
Therefore M is a proper subset of T.

By theorem 2.9, M is a po ideal of T.

Thus M is a proper po ideal of T.

Since M contains all proper po ideals of T, M is a maximal po ideal of T.

If M, is any maximal po ideal of T, then M; M c T and hence M, =M.

Therefore M is the unique maximal po ideal of T.

THEOREM 4.17 : In any po ternary semigroup T, the following are equivalent.
1) Principal po ideals of T form a chain.
2) Poideals of T form a chain.

Proof : (1) = (2): Suppose that principal po ideals of T form a chain.

Let A, B be two po ideals of T.

Suppose if possible A €B , B € A.

Then there existae A\Band b € B\A
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aeA =><a>cAandb eB =><b>c B.

Since principal po ideals form a chain, either <a >C <b> or <b>C <a >

If <a > <b>, then ae <b>C B. Itis a contradiction.

If <b>C<a >, thenbe<a>CA. Itis also a contradiction.

Therefore AC B or B < A and hence po ideals form a chain.

(2) = (1) : Suppose that po ideals of T form a chain.

Then clearly principal po ideals of T form a chain.

DEFINITION 4.18 : A po ternary semigroup T is said to be simple poternary semigroup if T is its only po
ideal of T.

THEOREM 419 : If T is a left simple po ternary semigroup (or) a lateral simple
po ternary semigroup (or) a right simple po ternary semigroup then T is a simple
po ternary semigroup.

Proof : Suppose that T is a left simple po ternary semigroup.

Then T is the only poleft ideal of T.

If Alisa po ideal of T, then A is a poleft ideal of T and hence A=T.

Therefore T itself is the only po ideal of T and hence T is a simple po ternary semigroup.

Suppose that T is a lateral simple po ternary semigroup.

Then T is the only polateral ideal of T.

If Alisa po ideal of T, then A is a polateral ideal of T and hence A=T.

Therefore T itself is the only po ideal of T and hence T is a simple po ternary semigroup. Similarly if T is right
simple poternary group then T is simple poternary semigroup.

DEFINITION4.20 : An element a of a poternary semigroup T is said to be semisimple if

ae(<a>’]ie (<a>’1= (<a>l.
THEOREM 4.21 : An element a of a poternary semigroup T is said to be semisimple if

ae(<a>"]ie (<a>"]= (<a>]forall odd natural number n.

Proof : Suppose that a is semisimple element of T.

Then (<a>’] = <a>.

Let a€e T andn is an odd natural number.

If n =3 and a is semisimple then ( <a>*] = <a>.

If n =5 then (<a>"] = (<a>] (<a>*]=(<a>](<a>*]=(<a>*]=(<a>].

Therefore by induction of n is an odd natural number, we have (<a>"] = ( <a>].

The converse part is trivial.

DEFINITION4.22 : A poternary semigroup T is called semisimplepoternary semigroup provided every
element in T is semisimple.
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