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Abstract: In this paper the terms, simple po ternary semigroup, globally idempotent po ternary semigroup, 

semisimple element, regular element, left regular element, lateral regular element, right regular element, 

completely regular element, intra regular element in a poternary semigroup are introduced. It is proved that, if 

a is a completely regular element of a po ternary semigroup T then a is left regular, lateral regular and right 

regular.  It is proved that in any po ternary semigroup T, the following are equivalent (1) Principal po ideals of 

T form a chain. (2) Po ideals of T form a chain.  It is proved that a po ternary semigroup T is simple po ternary 

semigroup if and only if ( TTaTT ] = T for all aT. 
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I. Introduction : 
The algebraic theory of semigroups was widely studied by CLIFFORD [2],[3], PETRICH [11] and 

LYAPIN[10].  The ideal theory in general semigroups was developed by ANJANEYULU [1]. The theory of 

ternary algebraic systems was introduced by LEHMER [8] in 1932.  LEHMER investigated certain algebraic 

systems called triplexes which turn out to be commutative ternary groups.  Ternary semigroups are universal 

algebras with one associative ternary operation.  The notion of ternary semigroup was known to BANACH who 

is credited with example of a ternary semigroup which can not reduce to a semigroup.  SIOSON [15] introduced 

the ideal theory in ternary semigroups.  He also introduced the notion of regular ternary semigroup. SANTIAGO 

[12] developed the theory of ternary semigroups.He studied regular and completely regular ternary 

semigroups.In this paper we introduce the notions of regular element, completely regular element, intra regular 

element in a po ternary semigroup, simple po ternary semigroupand characterize simple po ternary semigroup. 

 

II. Preliminaries : 
DEFINITION 2.1 : A ternary semigroup T is said to be a partially ordered ternary semigroup if T is a partially 

ordered set such that ba   ][ 21aaa  ][ 21aba , ][ 21aaa ≤ ][ 21baa , ][ 21 aaa ≤ ][ 21 baa for all 21,,, aaba

T . 
NOTE 2.2 : An element „a‟ of a po ternary semigroup T is a two sided identity provided aat =att = taa =tta = t 

and t≤ a for all t∈T. 

DEFINITION 2.3: An element a of a po ternary semigroup T is said to be a zero of T provided abc = bac = 

bca = aand ba  , ca   for allb,c  T.    

DEFINITION 2.4: A nonempty subset A of a po ternary semigroup T is said to be poleft ternary idealor 

poleftidealof T if i) b, c  T, a  A implies bca  A. ii) If a  A and t  T such that at  then t  A.   

DEFINITION 2.5 : A nonempty subset A of a po ternary semigroup T is said to be polateral ternary idealor 

polateral idealof T if i) b, c  T, a  A implies bac  A. ii) If a  A and  

t  T such that at  then t  A. 

DEFINITION 2.6 : A nonempty subset A of a po ternary semigroup T is said to be poright ternary idealor 

poright idealof T if i) b, c  T, a  A implies abc  A. ii) If a  A and t  T such that at  then t  A.  

DEFINITION 2.7 : A nonempty subset A of a po ternary semigroup T is said to be potwo sided ternary idealor 

potwo sided idealof T if i) b, c  T, a  A implies bcaA, abc  A, 

 ii) If a  A and t  T such that at  then t  A.   

DEFINITION 2.8 : A nonempty subset A of a po ternary semigroup T is said to be  

po ternary idealor poidealof T if i) b, c  T, a  A implies bcaA, bacA, abc  A, 

 ii) If a  A and t  T such that at  then t  A.   

THEOREM 2.9 : The union of any family of poleft ideals (or lateralpoideals or right 

poideals or two sidedpoideals orpoideals ) of a po ternary semigroup T is a poleft ideal  

(or lateralpoideal or rightpoideal or two sidedpo ideal orpoideal ) of T. 



Simple Partially Ordered Ternary Semigroups 

www.iosrjournals.org                                                     26 | Page 

THEOREM 2.10: The po-left ideal (orpo lateral ideals or po right ideals or po two sided ideals or po 

ideals )of a po ternary semigroup T generated by a non-empty subset A is the intersection of all po left 

ideals (or po lateral ideal or po right ideal or po two sided ideal or po ideal )of T containing A. 

THEOREM 2.11: If T is a po ternary semigroup and a∈T then L(a) = (a ∪TTa]. 

THEOREM 2.12 : If T is a po ternary semigroup and a∈T then M(a) =  

(a ∪TaT∪TTaTT]. 

THEOREM 2.13 : If T is a po ternary semigroup and a∈T then R(a) = (a ∪aTT]. 

 

III. Special Elemets In Po Ternary Semigroups : 
DEFINITION 3.1 : An element a of a poternary semigroup T is said to be regular if there exist x, y∈ T such 

that a  axaya. 

NOTE 3.2: An element a of a po ternary semigroup T is regular iff  a∈ (axaya]. 

DEFINITION 3.3:A poternary semigroup T is said to be a regular po ternary semigroupprovided every 

element is regular. 

DEFINITION 3.4 : An element a of a po ternary semigroup T is said to be left regular if  there exist x, y∈ T 

such that a a
3
xy. 

DEFINITION 3.5 : An element a of a po-ternary semigroup T is said to be lateral regular if  there exist x, y∈ T 

such that a xa
3
y. 

DEFINITION 3.6 : An element a of a po ternary semigroup T is said to be right regular if  there exist x, y∈ T 

such that a xya
3
. 

DEFINITION 3.7 : An element a of a po ternary semigroup T is said to be intra regular if  there exist x, y∈ T 

such that a xa
5
y. 

DEFINITION 3.8 : An element a of a po ternary semigroup T is said to be completely regular if there exist x, 

y∈ T such that a  axaya and axa = xaa = aax = aya = yaa = aay = axy = yxa = xay = yax. 

DEFINITION 3.9 : An element a of a po ternary semigroup T is said to be completely regular if there exist x, 

y∈ T such that a (axaya] and axa = xaa = aax = aya = yaa = aay = axy = yxa = xay = yax. 

DEFINITION 3.10 : Apo ternary semigroup T is said to be a completely regularpoternary semigroup provided 

every element in T is completely regular. 

THEOREM 3.11 : Let T be a po ternary semigroup and a∈ T. Ifais a completely regular element,  then a 

is regular, left regular, lateral regular and right regular. 

Proof :  Suppose that a is completely regular. 

Then there exist x, y∈ T such that a  axaya and 

axa = xaa = aax = aya = yaa = aay = axy = yxa = xay = yax.  Clearly a is regular. 

Now a axaya axaay aaaxy a
3
xy.  Therefore a is left regular. 

Also a axaya xaaya xaaay xa
3
y.  Therefore a is lateral regular. 

And a axaya xaaya xyaaa xya
3
.  Therefore a is right regular. 

THEOREM 3.12 : Let T be a po ternary semigroup and a T .  If a is regular then a is semisimple. 

Proof : Suppose that a is regular.  

Then a ≤ axaya for some x, yT a  ( 
3 a ] 

Therefore a is semisimple. 

THEOREM 3.13 : Let a be an element of a po ternary semigroup T.  If a is left regular or lateral regular 

or right regular, then a is semisimple. 

Proof :Suppose a is left regular. Then a ≤ a
3
xy for some x, yT a( <a>

3
].  

Therefore a is semisimple. 

If a is lateral regular, then a≤xa
3
y for some x, y∈ T a( <a>

3
]. 

Therefore a is semisimple. 

If a is right regular, then a ≤xya
3
 for some x, y T a( <a>

3
].   

Therefore a is semisimple. 

THEOREM 3.14 : Let a be an element of a po ternary semigroup T. If ais intraregular then a is 

semisimple. 

Proof : Suppose a is intra regular.   

Then a ≤xa
5
y≤xa

2
a

3
y  for some x, y T a( <a>

3
].   

Therefore a is semisimple. 
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IV. Simple Partially Ordered Ternary Semigroups : 
DEFINITION 4.1 : A po ternary semigroup T is said to be a left simple poternary  semigroupif T is its only 

poleft ideal. 

THEOREM 4.2: Let T be a po ternarysemigroup.  Then (TTa] is a po left ideal of T 

for all a∈T. 

Proof : Let r∈ (TTa] andb, c∈T. 

r∈ (TTa]⇒r ≤ xfor somex∈ TTa. 

x∈ TTa⇒x =yza where y, z∈T.   

Now r ≤ x⇒bcr ≤ bcx ⇒bcr ≤ bcyza∈ TTa⇒bcr∈ (TTa]. 

 Let s(TTa] and t∈T such that t ≤ s.  

s(TTa]⇒s ≤ x for some x∈TTa. 

t ≤ s, s ≤ x⇒t ≤ x⇒t∈ (TTa].   

t∈T, t ≤ x, x∈TTa⇒t∈ (TTa].   

Hence (TTa] is a poleft ideal of T. 

THEOREM 4.3: A po ternary semigroup T is a left simple poternary semigroup if and only if (TTa] = T 

for all a∈T. 

Proof: Suppose that T is a left simple po ternary semigroup and a∈T.   

By theorem 4.2,  (TTa] is a poleft ideal of T.   

Since T is a left simple po ternary semigroup, (TTa] = T.   

Therefore (TTa] = T for all a∈T. 

Conversely suppose that (TTa] = T for all a∈T.  

Let L be a poleft ideal of T.   

Let l∈ L.  Then l ∈T.  By assumption  (TTl] = T.   

Let s∈T.  Then s ∈ (TTl]  ⇒s ≤ xyl for some x, y ∈T. 

l∈ L, x, y∈T and L is a poleft ideal ⇒xyl∈ L ⇒s∈ L.   

Therefore T ⊆ L.  Clearly L ⊆T and hence T = L.   

Therefore T is the only poleft ideal of T.  

Hence T is left simple poternary semigroup. 

DEFINITION 4.4 : A po ternary semigroup T is said to be a lateral simple poternary  semigroupif T is its only 

polateral ideal. 

THEOREM 4.5: Let T be a po ternarysemigroup.  Then ( TaT∪TTaTT] is a polateral ideal of T for all 

a∈T. 

Proof : Let r∈ (TaT∪ TTaTT] andb, c∈T. 

r∈ (TaT∪TTaTT]⇒r ≤ x for some x∈TaT∪ TTaTT. 

x∈TaT∪ TTaTT ⇒x =yaz or x =yzauv where y, z, u, v∈T.  

If x =yaz thenr ≤ x⇒brc ≤ bxc ⇒brc ≤ byazc∈TTaTT⇒brc∈ (TaT∪ TTaTT].   

If x =yzauv thenr ≤ x⇒brc ≤ bxc ⇒brc ≤ byzauvc∈ TaT ⇒brc∈ (TaT∪ TTaTT]. 

 Let s(TaT∪ TTaTT] and t∈T such that t ≤ s.  

s(TaT∪ TTaTT]⇒s ≤ x for some x∈TaT∪ TTaTT.  

t ≤ s, s ≤ x⇒t ≤ x ⇒t∈ (TaT∪ TTaTT].   

t∈T, t ≤ x, x∈TaT∪ TTaTT⇒t∈ (TaT∪ TTaTT].   

Hence (TaT∪ TTaTT] is a polateral ideal of T. 

THEOREM 4.6: A po ternary semigroup T is a lateralsimple poternary semigroup if and only if ( TaT∪ 

TTaTT] = T for all a∈T. 

Proof: Suppose that T is a lateral simple po ternary semigroup and a∈T.   

By theorem 4.5, ( TaT∪ TTaTT] is a po lateral ideal of T. 

Since T is a lateral simple poternary semigroup, ( TaT∪ TTaTT] = T.   

Therefore ( TaT∪ TTaTT] = T for all a∈T. 

Conversely suppose that ( TaT∪ TTaTT] = T for all a∈T.  

Let M be a polateral ideal of T.   

Let m∈M.  Then m∈T.  By assumption  ( TmT∪ TTmTT] = T.   

Let s∈T.  Then s ∈( TmT∪ TTmTT]⇒s ≤ xmyor s ≤ xumyv for some x, y, u, v ∈T. 

m∈M, x, y∈T and M is a polateral ideal ⇒xmy∈M⇒s∈M.  

m∈M, x, y, u, v ∈T and M is a polateral ideal ⇒xumyv∈M⇒s∈M.  Therefore T ⊆M.  Clearly M⊆T and hence T 

= M.   

Therefore T is the only polateral ideal of T. Hence T is lateralsimple po ternary semigroup. 

DEFINITION 4.7 : A po ternary semigroup T is said to be a right simple po ternary  semigroupif T is its only 

poright ideal. 
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THEOREM 4.8: Let T be a po ternarysemigroup.  Then (aTT] is a poright ideal of T 

for all a∈T. 

Proof : Let r∈ (aTT] andb, c∈T. 

r∈ (aTT]⇒r ≤ x for some x∈aTT. 

x∈aTT ⇒x =ayz where y, z∈T.    

Now r ≤ x⇒rbc ≤ xbc ⇒rbc ≤ ayzbc∈aTT ⇒rbc∈ (aTT]. 

 Let s(aTT] and t∈T such that t ≤ s.  

s(aTT]⇒s ≤ x for some x∈aTT.  

t ≤ s, s ≤ x⇒t ≤ x ⇒t∈ (aTT].   

t∈T, t ≤ x, x∈aTT ⇒t∈ (aTT].   

Hence (aTT] is a poright ideal of T. 

THEOREM 4.9 : A po ternary semigroup T is a right simple poternary semigroup if and only if (aTT] = T 

for all a∈T. 

Proof: Suppose that T is a right simple po ternary semigroup and a∈T.   

By theorem 4.8, (aTT] is a poright ideal of T.   

Since T is a right simple po ternary semigroup, (aTT] = T.   

Therefore (aTT] = T for all a∈T. 

Conversely suppose that (aTT] = T for all a∈T.  

Let R be a poright ideal of T.   

Let r∈R.  Then r∈T.  By assumption  (rTT] = T.   

Let s∈T.  Then s ∈ (rTT]  ⇒s ≤ rxy for some x, y ∈T. 

r∈R, x, y∈T and R is a poright ideal ⇒rxy∈R⇒s∈R.   

Therefore T ⊆R.  Clearly R⊆T and hence T = R.   

Therefore T is the only poright ideal of T.  

Hence T is right simple poternary semigroup. 

DEFINITION4.10 : An ideal A of a po ternary semigroup T is called a globally idempotent 

po-ideal if ( A
n
] = ( A ] for all odd natural number n. 

DEFINITION4.11 : A po ternary semigroup T is said to be a globally idempotent  

po ternary semigroup if  ( T
n
] = ( T ] for all odd natural number n. 

THEOREM 4.12 : If A is a po ideal of a po ternary semigroup T with unity 1 and 1  A then A = T. 

Proof : Clearly A   T. 

 Let t T.  

 1  A, t ∈ T, A is a po ideal of T ⇒ 11t∈ A ⇒t∈ A  

Therefore T   A.  

 Hence  A   T, T   A   T = A. 

DEFINITION 4.13 : An ideal A of a po ternary semigroup T is said to be a proper 

po ideal of T if A is different from T. 

DEFINITION 4.14 : An ideal A of a po ternary semigroup T is said to be a trivial  

po ideal provided T\ A is singleton. 

DEFINITION 4.15 : An ideal A of a po ternary semigroup T is said to be a maximal  

po ideal provided A is a proper po ideal of T and is not properly contained in any proper po ideal of T. 

THEOREM 4.16 : If T is a po ternary semigroup with unity 1 then the union of all proper po ideals of T 

is the unique maximal po ideal of T. 

Proof : Let M be the union of all proper po ideals of T.  

Since 1 is not an element of any proper po ideal of T, 1M.  

Therefore M is a proper subset of T.  

By theorem 2.9, M is a po ideal of T. 

 Thus M is a proper po ideal of T.   

Since M contains all proper po ideals of T , M is a maximal po ideal of T.  

If 1M  is any maximal po ideal of T, then 1M M ⊂ T and hence 1M = M.  

Therefore M is the unique maximal po ideal of T. 

THEOREM 4.17 : In any po ternary semigroup T, the following are equivalent. 

1) Principal po ideals of T form a chain. 

2) Po ideals of T form a chain. 

Proof : (1)   (2): Suppose that principal po ideals of T form a chain.  

Let A, B be two po ideals of T.   

Suppose if possible A ⊈B , B ⊈ A. 

Then there exist a  A\Band bB\A 
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a A <a >A and b B <b>  B. 

Since principal po ideals form a chain, either <a > <b>  or <b> <a >   . 

If <a > <b>, then a<b>  B. It is a contradiction. 

If <b> <a >, then b<a >A. It is also a contradiction. 

Therefore A  B or B A and hence po ideals form a chain. 

(2)   (1) : Suppose that po ideals of T form a chain.  

Then clearly principal po ideals of T form a chain. 

DEFINITION 4.18 : A po ternary semigroup T is said to be simple poternary semigroup if T is its only po 

ideal of T. 

THEOREM 4.19 : If T is a left simple po ternary semigroup (or) a lateral simple  

po ternary semigroup (or) a right simple po ternary semigroup then T is a simple  

po ternary semigroup. 

Proof : Suppose that T is a left simple po ternary semigroup.  

Then T is the only poleft ideal of T. 

 If A is a po ideal of T, then A is a poleft ideal of T and hence A = T. 

Therefore T itself is the only po ideal of T and hence T is a simple po ternary semigroup. 

Suppose that T is a lateral simple po ternary semigroup.  

Then T is the only polateral ideal of T.  

If A is a po ideal of T, then A is a polateral ideal of T and hence A = T. 

Therefore T itself is the only po ideal of T and hence T is a simple po ternary semigroup. Similarly if T is right 

simple poternary group then T is simple poternary semigroup.  

DEFINITION4.20 : An element a of a poternary semigroup T is said to be semisimple if  

a(
3a  ]  i.e. (

3a  ] =  ( <a >]. 

THEOREM 4.21 : An element a of a poternary semigroup T is said to be semisimple if  

a(
na  ]  i.e. (

na  ] =  ( <a >] for all odd natural number n. 

Proof : Suppose that a is semisimple element of T. 

 Then ( <a>
3
 ] = <a>. 

Let a∈ T andn is an odd natural number. 

If n = 3 and a is semisimple then ( <a>
3
 ] = <a>. 

If n = 5 then ( <a>
5
 ] = ( <a>

3
] ( <a>

2
 ] = ( <a> ]( <a>

2
 ] = ( <a>

3
 ] = ( <a>]. 

Therefore by induction of n is an odd natural number, we have ( <a>
n
 ] = ( <a>]. 

The converse part is trivial. 

DEFINITION4.22 : A poternary semigroup T is called semisimplepoternary semigroup provided every 

element in T is semisimple. 

 

References 
[1]  Anjaneyulu. A .,Structure and ideal theory of Duo semigroups, Semigroup forum, vol .22(1981), 237-276. 
[2]  Clifford A.H and Preston G.B., The algebroic theory of semigroups , vol – I American Math. Society, Province (1961). 

[3]  Clifford A.H and Preston G.B., The algebroic theory of semigroups , vol – II American Math. Society, Province (1967). 

[4]  Hewitt.E. and Zuckerman H.S., Ternary opertions and semigroups, semigroups, Proc. Sympos. Wayne State Univ., Detroit, 
1968,33-83. 

[5] Iampan . A., Lateral ideals of ternary semigroups , Ukrainian Math, Bull., 4 (2007), 323-334.  

[6]  Kar.S ., On ideals in ternary semigroups . Int. J. Math. Gen. Sci., 18 (2003) 3013- 3023. 
[7]  Kar.S and Maity.B.K., Some ideals of ternary semigroups . Analele Stintifice Ale Universitath “ALI CUZA” DIN 

IASI(S.N)Mathematica, Tumul LVII. 2011-12. 

[8]  Lehmer . D.H., A ternary analave of abelian groups , Amer. J. Math., 39 (1932), 329-338. 
[9] Los. J., On the extending of models I, Fundamenta Math. 42(1955), 38 – 54. 

[10]  Lyapin.E.S., Realisation of ternary semigroup, Russian Modern Algebra, Leningrad University, Leningrad, 1981, pp. 43-48. 
[11]  Petrch.M., Introduction to semigroups , Merril publishing company, Columbus, Ohio (1973). 
[12]  Santiago. M. L. and Bala S.S., “ Ternary semigroups” Semigroups Forum,Vol. 81,no. 2, pp. 380-388, 2010. 

[13]  Sarala. Y, Anjaneyulu. A and Madhusudhana Rao. D., On ternary semigroups, International eJournal of 

Mathematics,Engineering and Technology accepted for publication. 
[14]  Sarala. Y, Anjaneyulu. A and Madhusudhana Rao. D., Ideals in ternary semigroups, submitted forpublication in International 

eJournal of Mathematics, Engineering and Technology accepted for publication. 

[15] Sioson.F. M., Ideal theory in ternary semigroups, Math. Japon.10(1965), 63-84. 

 


