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Abstract: In the present paper, soft  -open and soft  -closed sets in soft topological spaces are defined over an 

initial universe with a set of parameters. A necessary and sufficient condition for a soft set to be soft  -open set 

in soft topological space is stated and proved. A detailed study is carried out on properties of soft  -interier and 

soft  -closure of soft sets. 

Keywords: Soft  -open sets, soft  -closed sets, soft  -interior, soft  -closure. 

 

I. Introduction and Preliminaries 
Many disciplines in science and engineering depend on mathematical modeling. There are many tools 

available for reasoning and computing which are crisp, deterministic and precise in character.Also there are 

many complicated problems in economics, engineering, environment, medical science etc., which are not 

always crisp. So alternative theories are developed such as probability theory, fuzzy set theory etc., which can 

be considered as mathematical tool for dealing with uncertainties. However, all of these new theories have 

inherent difficulties. The reason for these difficulties is, possibly the inadequate parameterization tools of the 

theories.  

In 1999, Molodtsov [3]  initiated the concept of soft set theory as a mathematical tool for dealing with 

uncertainties which is free from the above difficulties. The notion of topological space for soft sets was 

formulated by Shabir et. al. [5], which is defined over an initial universe with a fixed set of parameters. Levine 

[1] introduced semi-open sets in topological spaces. Mahanta et. al. [2] introduced soft semi-open sets and soft 

semi-closed sets in soft topological spaces. Njastad [4] studied about  -open sets in topological space in 1965. 

In this paper soft  -open sets and soft  -closed sets are defined in a soft topological space and some of their 

properties are studied.  

Definition 1 ([3]). Let   be an initial universal set and   be the set of parameters. Let      denote the power 

set of   and let      A pair       is called a soft set over    where   is a mapping given by          . 

Definition 2([6]). A soft set       over   is said to be  

(i) a null soft set, denoted by     if                . 

(ii) an absolute soft set, denoted by     if                 
 The soft sets       over a universe   in which all the parameters set   are same is a family of soft sets 

denoted by       .    

 Soft operations are denoted by usual set theoretical operations with ‘ ’ symbol above. 

Proposition 1([6]). Let   be an arbitrary index set and               be a subfamily of        . Then 
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Definition 3([6]). Let   be a collection of soft sets over a universe   with a fixed set   of parameters, then 

         is called a soft topology on  if, 

(i)   ,    belong to    
(ii) The union of any number of soft sets in   belongs to  . 

(iii) The intersection of any two soft sets in   belongs to  . 

 The triplet         is called soft topological space over  . The members of   are called soft open sets in 

  and complements of them are called soft closed sets over    
Definition 4([6]). Let         be a soft topological space and let       be a soft set over    
 (i) The soft closure of       is the soft set defined by 

   ̃          ̃              is soft closed and       ̃        
 (ii) The soft interior of       is the soft set defined by       

                         ̃           ̃              is soft open and       ̃        
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 Note that,  ̃        is the smallest soft closed set containing        and  ̃         is the largest soft 

open set contained in      . 

Theorem 1([6]). Let         be a soft topological space and let       and       be soft sets over  .Then, 

(i)       is soft closed iff        ̃        

(ii)       is soft open iff         ̃         

Theorem 2([6]). Let         be a soft topological space and let       and       be soft sets over  . Then,  

(i) If       ̃       then  ̃        ̃  ̃        

(ii) If       ̃       then  ̃         ̃  ̃         

Remark 1. The following results hold good for soft topological spaces as in the case of topological spaces. If 
       |      is a collection of soft sets, then  

(i)  ̃  ̃         ̃  ̃     ̃          
(ii)  ̃  ̃          ̃  ̃      ̃          

Definition 5([2]). In a soft topological space (      , a soft set 

(i)       is said to be softsemi-open set if       ̃  ̃    ̃          

(ii)       is said to be soft semi-closed set if       ̃  ̃     ̃         

 

II. Soft  -open sets and soft  -closed sets 
In this section, we introduce soft  -open and soft  -closed sets are introduced and various properties of 

these sets are investigated.  

Definition 6. In a soft topological space (      , a soft set 

(i)       is said to be soft  -open set if       ̃  ̃     ̃    ̃           

(ii)       is said to be soft  -closed set if       ̃  ̃    ̃     ̃          

Example 1. Let             ,             .  
Let         be the mappings from   to      defined by,  

                                                                                                                                                 
                                                     

                                          
                                     . Then                  and       are soft sets over  . 

Then,     ̃  ̃                          is a soft topology over  . 

Hence (       is a soft topological space over   and some of its 

soft open sets are  ̃,  ̃                         

soft closed sets are  ̃  ̃              ,               

 where                                                

                                                

                                                                                          
                                                                                         

Some soft semi-open sets of this soft topology are                          
Note that         and         are not soft semi-open and 

Some soft  -open sets of this soft topology are                        . 

Note that        and        are not soft  -open. 

Remark 2.       and       are always soft  -open and soft  -closed in a soft topological space (      . 

Theorem 3. (i) Every soft  -open set is a soft semi-open set. 

      (ii) Every soft  -closed set is a soft semi-closed set. 

Proof. (i) Let       be a soft -open set.Then       ̃  ̃     ̃    ̃           ̃  ̃    ̃          implies that 

      is soft semi-open. 

(ii) Let       be a soft -closed set.Then       ̃  ̃    ̃     ̃          ̃  ̃   ( ̃       ) implies that       

is soft semi-closed.  

The converse of the above theorem need not be true.  

Theorem 4.       is a soft  -open set iff there exists a soft open set       such that 

      ̃       ̃  ̃     ̃        . 

Proof. Suppose there exists a soft open set       such that       ̃       ̃  ̃     ̃        . 

Since          ̃  ̃     ̃          ̃     ̃    ̃           ̃  ̃     ̃    ̃           by hypothesis and by 

Theorem 2(ii),      is soft  -open. 

On the other hand, Let       be soft  -open.Then       ̃  ̃     ̃    ̃           

Let  ̃              . Since  ̃         ̃      ,       ̃       and also       ̃  ̃     ̃        . Hence 

there exists a soft open set       such that       ̃       ̃  ̃     ̃        .    

Theorem 5.       is a soft  -closed set iff there exists a soft closed set       such that 

 ̃    ̃          ̃       ̃      . 



Some Properties Of Soft  -Open Sets In Soft Topological Space
 

www.iosrjournals.org                                                       22 | Page 

Proof. Let       be soft  -closed.Then  ̃    ̃     ̃          ̃       

Let  ̃             . Then       is soft closed. 

Since       ̃  ̃       ,       ̃       and  ̃    ̃     ̃          ̃         ̃    ̃          ̃      . 

Thus there exists a soft closed set       such that  ̃    ̃          ̃       ̃      . 

 On the other hand, suppose there exists a soft closed set       such that  ̃    ̃          ̃       ̃       

Since       is soft closed,   ̃             , By hypothesis,  ̃    ̃          ̃       

  ̃    ̃     ̃          ̃      .       ̃        ̃        ̃  ̃        
 ̃    ̃     ̃          ̃  ̃    ̃     ̃          ̃             is soft  -closed.  

Theorem 6. Arbitrary union of soft  -open sets is a soft  -open set. 

Proof. Let        |      be a collection of soft  -open sets of a soft topological space (      . Then there 

exists a soft open set        such that        ̃        ̃  ̃     ̃           for each   . 

Hence,  ̃        ̃   ̃        ̃ ̃   ̃     ̃           ̃  ̃     ̃    ̃          (by Remark 1)   

 ̃        ̃   ̃        ̃  ̃   ( ̃    ̃        ) &  ̃        is soft open. By Theorem 4,    ̃        is a 

soft  -open set.    

Theorem 7. Arbitrary intersection of soft  -closed sets is a soft  -closed set. 

Proof. Let        |      be a collection of soft  -closed set of a soft topological space (      .Then 
         

 |      is a collection of soft  -open sets. By Theorem 6,   ̃         
  is a soft  -open set.That is 

  ̃        
  is a soft  -open set, by Preposition 1. Hence,  ̃       is a soft  -closed set.  

We shall denote the family of all soft  -open sets (soft  -closed sets) of a soft topological space 

(       by  -         ( -       ). 

Definition 7. Let (       be a soft topological space and (     be a soft set over  . 

(i) The soft  -closure of (     is a soft set defined by 

 ̃ -          ̃              ̃       and        -         
(ii) The soft  -interior of       is a soft set defined by 

 ̃ -           ̃              ̃       and        -         
Note that,  ̃ -        is the smallest soft  -closed set containing       and  ̃ -         is the largest 

soft  -open set contained in      . 

Theorem 8. Let (       be a soft topological space and (     be a soft set over  . Then, 

 (i) (      -       iff        ̃ -        

             (ii)        -       iff        ̃ -         

            (iii)  ̃ -    ̃ -          ̃ -        

            (iv)  ̃ -     ̃ -           ̃ -         

            (v) ( ̃ -           ̃ -          

           (vi) ( ̃ -            ̃ -         

Proof. Let       be a soft set over  . 

(i)  Let       be a soft  -closed set. Then it is the smallest soft  -closed set containing itself, so 

       ̃ -        by definition. 

On the other hand, suppose        ̃ -       . ̃ -        being the intersection of soft             

 -closed sets is soft  -closed, so ̃ -         -                -        

(ii) Let       be a soft  -open set. Then it is the largest soft  -open set contained in      . By 

definition       ̃ -         

On the other hand, suppose        ̃ -        . ̃ -         being the union of soft                  

 -open sets is soft  -open, so  ̃ -          -                -        

 (iii)  ̃ -          -       by definition of soft closure and Theorem 7, 

  ̃ -    ̃ -          ̃ -        by (i) 

(iv)  ̃ -           -        by definition of soft interior and Theorem 6,                    

   ̃ -     ̃ -           ̃ -         by (ii) 

(v) ( ̃ -             ̃              ̃              -         
  

                                                ̃                 ̃                 -         
                 ̃                  ̃                -         
                  ̃ -           

(vi) ( ̃ -             ̃              ̃              -         
  

                                                  ̃                 ̃                 -         
                  ̃                  ̃                -         
                 ̃ -          

Corollary 1. Let (       be a soft topological space then 

(i)  ̃ -              and   ̃ -              

(ii)  ̃ -               and  ̃ -                
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Proof. (i) Since       and       are soft  -closed sets, by Theorem 8(i), 

  ̃ -              and  ̃ -              

           (ii)Since       and       are soft  -open sets, by Theorem 8(ii), 

  ̃ -               and  ̃ -               

Theorem 9. Let (       be a soft topological space and (     and      be two soft sets over  . Then, 

(i)       ̃         ̃ -         ̃  ̃ -         

(ii)       ̃         ̃ -        ̃  ̃ -        

(iii)  ̃ -         ̃          ̃ -        ̃  ̃ -        

(iv)  ̃ -          ̃          ̃ -         ̃  ̃ -         

(v)  ̃ -         ̃        ̃  ̃ -        ̃  ̃ -        

(vi)  ̃ -          ̃        ̃  ̃ -         ̃  ̃ -         

Proof. Let       and       be two soft sets over  . 

 (i)         By definition of soft  -interior, 

  ̃ -           ̃              ̃              -        & 

 ̃ -           ̃              ̃              -         
Now,  ̃ -         ̃       ̃        ̃ -         ̃       

Since   ̃ -         is the largest soft  -open set contained in        

Therefore,  ̃ -         ̃  ̃ -         

(iii) By definition of soft  -closure, 

 ̃ -          ̃              ̃              -        & 

               ̃ -          ̃              ̃              -         
since      ̃  ̃ -        and      ̃  ̃ -        

        ̃       ̃  ̃ -              ̃  ̃ -        

But  ̃ -        is the smallest soft semi-closed set containing       

Therefore,  ̃ -        ̃  ̃ -       .. 

 (iii) Since,       ̃       ̃       and      ̃       ̃       

By (ii),   ̃ -        ̃  ̃ -         ̃      ) and 

   ̃ -        ̃  ̃ -  (      ̃      ) 

  ̃ -        ̃  ̃ -        ̃  ̃ -         ̃        . . . (1) 

Now,  ̃ -         ̃ -          -        

    ̃ -        ̃  ̃ -         -        

Then       ̃  ̃ -        and       ̃  ̃ -        

       ̃       ̃  ̃ -        ̃  ̃ -        

i.e.,  ̃ -        ̃  ̃ -         is a soft  -closed set containing       ̃      . But,               

 ̃ -         ̃        is the smallest soft  -closed set containing       ̃      . 

Hence  ̃ -  (      ̃      )  ̃  ̃ -        ̃  ̃ -            . . . (2) 

From (1) & (2),  ̃ -         ̃          ̃ -        ̃  ̃ -       . 

(iv)   Since       ̃       ̃       and      ̃       ̃       

By (i),   ̃ -          ̃      ) ̃  ̃ -         and 

 ̃ -   (      ̃      )  ̃  ̃ -         

  ̃ -   (      ̃      )  ̃  ̃ -         ̃  ̃ -              . . . (3) 

Now,  ̃ -          ̃ -           -        

    ̃ -         ̃  ̃ -          -        

Then  ̃ -         ̃       and  ̃ -         ̃       

  ̃ -         ̃  ̃ -         ̃       ̃       

i.e.,  ̃ -         ̃  ̃ -          is a soft  -open set contained in       ̃      . But,              

 ̃ -          ̃        is the largest soft  -open set contained in       ̃      . 

Hence  ̃ -         ̃  ̃ -         ̃  ̃ -   (      ̃      ) . . .(4) 

From (3) & (4), ̃ -          ̃          ̃ -         ̃  ̃ -        . 

(v) Since,       ̃       ̃       and      ̃       ̃       

   ̃ -  (      ̃      )  ̃  ̃ -        and 

 ̃ -  (      ̃      )  ̃  ̃ -        

    ̃ -         ̃        ̃  ̃ -        ̃  ̃ -        

(vi) Since,       ̃       ̃       and       ̃       ̃       

    ̃ -         ̃  ̃ -          ̃        and 

 ̃ -         ̃  ̃ -          ̃        

    ̃ -         ̃  ̃ -         ̃  ̃ -          ̃        
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III. Conclusion 
The soft  -open sets and soft  -closed sets defined here have many properties similar to soft semi-open 

and soft semi-closed sets respectively. It is interesting to note that arbitrary union of soft  -open sets are soft             

 -open. Soft interior and soft closure are defined like interior and closure of topological spaces and many of 

their properties are studied.  
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