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A New Theorem on Product Summability of Infinite Series
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Abstract: A given theorem is a some advanced proof in product summability of infinite series.Many other
results some known and unknown are derived .
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l. Introduction :

Let Zan be a given infinite series with partial sum Sn . Let Uz denote the n”‘ Cesaro mean of order
oL > —1of the sequence {Sn} .
The series DAy is said to be summable |C, Oc|k Ck>1 it

N nk1

Let {pn } be a sequence of positive real constants, such that

k
o

o
u, —u,

<0 (1.1)

Ph=py+Py+.Pp s N0 (P,=p,=0)
The (N, p) transform of ¢, of {Sn} generated by {pn} is defined by —
1 m
d)n = _an—vsv (1.2)
Pn v=0

The sequence-to-sequence transformation-

1 n
Oy == DS, (L3)
Pn v=0

N,
defines the sequence {d)“ } of ( p”) transform of {S”} generated by {p”} ,
The series Ay is said to be summable |R, P, |k’ k>1,if-

. k
Z N, — b, <oo (1.4)

n=1

In special case when P, = 1 VvVn |R, pn|k summability reduces to ‘C,l‘k summability.
The series Zan is said to be summable ‘( N, p)(N,q)‘ when the (N, p) transform of the
( N, q) transform of {Sn } is a sequence of bounded variation.

Let {Tn } defines the sequence of (N, qn) transform of the (N, pn) transform of {Sn} generated by the

sequence {qn} and {pn} respectively .
The series D_apy is said to be summable |( R,q, )(R, P, )

Ck>1,if
k
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ﬂfi:{(Tn),in“\a\ <w;a, =T —-T } (15)

and
A, ={(Tn); y ns"*"‘l\an\k <wja, =T -T } (16)

We may assume ,

In 2008, SULAIMAN [3] proved the theorem.The main objective of this paper is to generalize the theorem of
SULAIMANTI3]. However our theorem is as follows.

1. Theorem 1
Let K>1and >0, {Xn} be a sequence of constants,
f,= Z% ' R=2pf @)
Let p,Q, = (P,) 2.2)
o pdkrklgk kgl
Z % g {—kqv} (2.3)
n=v+l Qnanl Qv

Then, sufficient conditions for implications-
Zan is summable |R, n,8|k — Zankn is summable

(R, )(R.p,).8], (2.4)
are,

AR =0(Q,) 2.5)

|7”n| = (Qn) (2.6)

PR, A= (Q,) 2.7)

PR, |2 =1 (Q,QuN,) 2.8)

pquR A= (P.Q.) 2.9)
R, |AL|F,. =0 (Q),) (2.10)
R,.|A%, =0 (Q,r,) @.11)

THEOREM 2
Let (2.3) be satisfied and
P,=1(p,Q,) 2.12)
Q,=1(na,) (2.13)

then, necessary conditions for implication (2.4) to be satisfied are ,
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—] Qva—lrv
‘A‘n‘ =l [(1+ F\,)quv ] )

(1+8)-1/k
AL, | = vionQ, (2.14)
(1+F )R

v+l

1. Proof Of The Theorem 1:

Let {Sn} be the sequence of partial sums of Zankn .Let V and V, bethe (N, r )

(N, q, ) (N, P, ) transforms of the sequences {Sn} , {Sn} respectively,

We write,

Therefore

Also,

th =Vn-V g T.=V -V |,

n

r
t "> R,.a, 3.1)

n—1 v=1

n

Vn:_zqr va v

nrO rVO

:_va quf (3.2)

nvO rvr

=—va

nVO

T,=V, V_1

- ZprSrfr +PSy
Q Q n-1 r=0 Qn—l

Dq
=—" ak+ L ax

pq
= f n a.A
QinvZOZVV;pI’I’—i_ nle(;VV

R,..a, f +
Qin; v-1 _1;prr

+ Do, iRv—lav —

P Qn -1 v=l Rv—1

(SRea o Bnn SR s

V]_rV

LN

A
QQs

M

UN

n
\
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Al

v=l\ r=1
qn S }\‘ f R v-1 R v-1
=—"— +—=ptAf, +—=t AL F
QnQnil VZ:]; V pV VitV v rv v v+l
R
+—p”q” -t A, +
QnQn—lrn
< R R
1+ Py Z t, + vt A |+ Pl g 5
I:)nQn—l v=1 r.v PQn—lrn
7
=>T, (3.3)
j=1
In order , to complete the proof, it is sufficient to show that-
0 k
Sk+k-1
Zn ’ T.i| <o, 1234567 (3.4)
n=1
Now appling Holder’s inequality,
sk ‘Cu sk+k-1|  Op ‘
+K— +K—
Zn T, =>.n —Z(tvxva)
n=2 n=2 Q Q n-1 v=1

m+1 5k+k -1k n-1

S LS ]

<
n=2 QnQ -1 v=1 qv
m+l A 0K+k-1k

S OL R Y e

v=1 qv n=v+1l
K « FX
1)Zv5"+k‘1\tv\ x| = {using (2.5)}
v=1l Qv
m+1 k m+1 n-1 R k
=7 (1) Yn*AAT | = ekt S ( weiby tvkvaj
( ) nz=2: 2 n=2 Qnanl Zl: rv
M+l Sk+k—1 Kk n—1 k-1
q R.P K q
< n it (Al f v
3 s St S
p X m+1 8k+k 1qk
=[] (1 v "t AT — 0
3 BBt |3 e
m Kk, k
3 v B b
v=1 Qv
=0 (1)Z(V5k+“|tv|k) _
vl {using (2.7)}

(1)
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k

k m-+1 q n-1 R
n5k+k—l -I-n‘3 — Zn6k+k -1 n Z _1t A}\/VF\H_:L
n=2 n=2 Q Q n-1 v=1 v

m+1 6k+k 1qk n-1 n-1 q k
SIS R te, [ 53
QQ, ., n1

n=1 v=1 q Vv v

Rk m+1 Sk+k— lqk
=1 (1 t | |AL n
()zl{qtlvk‘ i ””Jn%QQM

=1 (1 [yt R t | |AA
_()Z_;V lek‘ H ‘ v+l
{using (2.10)}

G

E‘L Blcrk-1 | inﬁmk 1| Py ann taf
n=2 n=1 Q Q _1 n

0 KRX
1)nzn6k+k 1C§ngnn 1;n I, ‘ t, \ {using (2.8)}
=0 (1)

m+1 k
Sk+k—1
2N Tos| =

n=2 =2

k

Sk+k—1 p qn Zt

n-1 v=1

Sg‘jnmkl P, qn Z‘t ‘ ‘K ‘ {nz: g, }
n=1 n-1 v=1 v=1 Qv—l

m m+1
:D 1 t 7\‘ = n8k+k—l pnqn
02 S \ v\ qt_lnzvil PO,
S @S

1 m+1 5k+k 1.k
m

Q.
>
-] (1)Zv5"+"‘1 \tv\k \kv\k é {using (2.3)}

k-1
q\/ n=v+1 Qnanl

v=1 Vv
=1 (1) {using (2.6)}
‘ ) K
E‘Lnsmkl T | = m+1n6k+kfl P.4d, nzll R, CAL,
n=2 n=2 P Qn—l v=1 rv
m+1 e k E n-1 Rk_ n-1 qv
S B Sy 255 {510 }
n=1 Py Qny VX g T \EQ
K Rk

T skeka pq
1Z\tHAU sl DL

qv v N=v+l Pn anl
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m k
=1 (D
v=l \% rv
=1 (1) {Using (2.11)} (3.5)
Finally,
Zn6k+k—1 Tn,?‘ :Zn6k+k—1 R0, R, ta
n=1 n=1 PnQn—lrn
k
=] (1);n5k+k1|'[n|k |Xn|k [F;;:]qT”i:‘J {using 2.9}

(3.6)

=1(1)

This completes the proof of the THEOREM 1.

PROOF OF THE THEOREM 2 :
For k>1, 8>0, define-

A’ :{(aj); Zaj is summable |R,rn,8|k}
B :{(bj); > b\, is summable ‘(R,qn)(R,pn),B‘k} 3.7)

from (3.3), we have-

Tn:ZL %5 1 Puln Ay (3.8)
v=l1 Qnanl I:)n(gnfl

with t_ and T asdefined by (2.12) and (3.8), the space A" and B™ BK-spaces with norms defined by-
. Uk
e = e+ S+l
n:: Uk
el ={ "+ S |
n=1

(3.9)

respectively, by the hypothesis of the theorem,
], <00 = le]l, <o (3.10)

The inclusion map i; A" — B" defined by i(a)=a is continuous since A" and B" are BK-
spaces. By the closed graph theorem, there exists a constant, K>0, such that-

el < K]le], @)

n+l’

Let €, denote the n" coordinate vector, from (3.4) and (3.8) with {an} defiredby @, =€, —€

n=v, an =0, otherwise , we have
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0, n<v
L n=v
RV
rr
_ n'v ’ n>v
Ran—l
O,n<v
T = ( 9.5 + P )kv,n:v (3.12)
Qva—l PV(?vfl
AV( 95 1 Palh jkv,n >V
QnQn—l Pn(?n—l

Kk . K 1k
From (3.9), we have — cl = V6k+kl[&J + n5k+k—1( 9.9, ]
I, { L, § e Sl

K

( aF_, P, jkv
Qvafl Pvafl

+ i n6k+k—1 AV( anv p qn j}\‘
QnQn—l P Qn -1
k

Jol, = v B

K Uk

n=v+l

(3.13)
Applying (3.11), we obtain-

V6k+k—l ( quv + pqu j}\‘
Qvafl Pva—l ’
+ r]8k+k—l Av( qn \Y p qn )
Z QnQn -1 P Qn -1

n=v+l
k
- (l) V5k+kl[_VJ + z 5k+kl(R R ] } (3.14)
n=v+1

As the right hand side of (3.13), by (2.3) is
K k k
skik1| [ , SO okekel A
) (D v Do | v S ekt
k-1 k
Rv RV n=v+1 Ran&
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( k k-1 Kk
_ (l) oKL v + iV kL v (3.15)
RV RV RV

k
oy (1) kL v }

And the fact that each term of the left hand side of (3.13) is

k
[ (1){V6k+kl(;—v\J } we obtain-
k k
V5k+kl[ quv + pqu j |}\‘v|k =] V5k+kl[r_Vj
Qvafl Pvafl RV

(3.16)

Which implies by (3.3)-

(%} (1+F, ) n, [ =0 (F:—} (3.17)

that is—

Q. Q..
A ((1+FV)QVRJ (3.8)

Also, we have by (3.13)
(qnpva ]7\“\/ +( qn v+l pnqn ]A?LV
QnQn—l QnQn—l I:)n(?n—l

i n6k+kfl
k
=] {v5k+k{r—vj } (3.19)
RV

n=v+l
The above, via the linear independence of KV and A?\.V implies-

k k
Z ke 1[ nFua 4 _Pnlh j |AK |k:D Vsmu((]_vj
n=v+1l Q Q n-1 P Q n-1 Y Qv

k

(3.20)

k k

N P LA rd
n=v+1l QnQn—l Qv

{using (3.3)}

As by (3.4), via the mean value theorem,
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1 = 1 ‘ in Q—lq
—_ — A _ n
S G RODR 3 SalUpoF

n=v+1 n=v+1l ~'n-1 n=v+1 _1Q
=1 (1 ns"*"l[—”j (3.21)
( )n;-l Qn—lQn
Then,
1 k
k k kik-1| Ty
AL, (1+F,,) (Q_tj =] {VS 1[R—vj } (3.22)
Which implies
(8+1)-V/k
xv =] V—r"QV (3.23)
(1+F,)R,

Also by (3.14)

0
Sk+k-1
2N

n=v+l

K K
(q Nn A ] ] V8k+k1[r_\/j
Q.Qu4 R,
] K i K
pefi[n, " Z o l( n = {v5k+kl[—vj }(3.24)
n=v+1 QnQn71 Rv

kkaL | (Q_} oy {VSMH[F\:_VJ }

Which implies

xv =D{ (8+2) uk[pl’fQR J} (3.25)

This completes the proof of the THEOREM 2.

V. Corollaries

Cor. 1
Let K>1, define-

f :Zn“Q_rr | F=>f (a.1)
Let Nn=] iQn) (4.2)

Then sufficient conditions for the implication,

2.ap is summable |C,l, 5|k = Zankn is summable ‘(R,qn)(C,l),S‘k

4.3)
are (2.5), (2.6) and the following-
va,|=2(Qy) (4.4)
qu ‘Xv‘ :D (Qva—l) (4-5)
ng, |A,| =2 (nQ,) (4.6)
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V|AL,|F,. =0 (Q,) @.7)
A%, =0 (ay) @8
v|Ar,|=0(Q,) (4.9)

Proof: ~ The proof follows from Theorem 1, by putting
p,=r =lforalln.

Cor.2 If 0 =0, then above corollary reduces to Cor. (2.1) of SULAIMANI3].
Cor.3 Let K>1, define-

f, = anpi : F = Zn:prfr (4.10)

Let (Z.SVbe s:atisfied, then suf‘ficiern:tvconditions for the implication,
2.ap is summable |C,l, 5|k = Zankn is summable ‘(C,l)(R, P, ),B‘k (4.11)
are, |7\.V|FV =0 (V) (4.12)

A, =0(n) (4.13)

pA, = (1) (4.14)

|AA|F,, = O (1) (4.15)

AL | = 0 (1) (4.16)

Proof:The proof follows from Theorem 1 by putting (, =T, =1, foralln, noticing that (2.3) is satisfied as-

v _ 1 = 1 1] 1
ngv;lm_n;l m_ﬁ Ry (4.17)
Cor. 4

If & =0, then above corollary reduces to Cor. (2.2) of SULAIMANI3].
Cor. 5

Let fv, FV be as defined in (4.1), let (2.3) and (4.2) be satisfied, then sufficient conditions for
implications
2.8p issummable |R, I’n,8|k = Zankn is summable ‘(R,qn )(C,l),fi‘k (4.18)

are,
(2.5), (2.6), (2.10), (2.11) and the followings-

Rv|7\‘v| =] (Qv) (4.19)
quvp‘V‘ = (QVQV—er) (4.20)
ann P‘n‘ = (nQnrn) (4.21)

Proof: The proof follows from Theorem 1

by putting P,=1V n.
Cor. 6 If weput & =0, then above corollary reduces to Cor. (2.3) of SULAIMAN[3].
Cor.7 Let fv and FV be defined in (4.1), let (4.3), (2.12) be satisfied and

v=(Q,) (4.22)
then, necessary conditions for the implication (4.3) are,
A, =] _QQy,; |, wol Q-
(1+F,)va, VTS
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Q (4.23)
AN | ——=v
v {V(]Jl«fa) (1+ Fv+1)
Proof: The proof follows from Theorem 2, by putting P, =T =1 for alln.
Cor. 8
By putting & = 0, corollary.7 reduces to Cor. 2.4 of SULAIMAN[3] .
Cor. 9
Let T, and F, be as defined in (4.5),
et P,=0(vp,) (4.24)
then, necessary conditions for the implication (4.10) to be satisfied are,

\" V(1+6_1lk) (L+8-1/k)
A, = ' )\,v =] ' Ah =] v (4.25)
(1+ FV) f.p, v 1+F,,

Proof: The proof follows from Theorem 2 by putting
q,=r, =1, forall n, noticing that (2.3) is satisfied as in the
case of (4.17).

Cor. 10
By putting & =0, corollary.9 reduces to Cor. 2.5 of SULAIMAN[3].

Cor. 11
Let fv and FV be as defined in (4.1) , Let (2.3), (2.13) and (4.2) be all satisfied, then, necessary
conditions for the implication ( 4.18) to be satisfied are,

ao=0| Qb | (v ), o [V, (4.26)
v (1+F,)R,q, v fR, v (1+F,.)R,
Proof: The proof follows from Theorem 2, by putting
p,=1Vvn.

Cor. 12
When O =0, corollary. 11 reduces to Cor. 2.6 of SULAIMANI[3].
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