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Abstract: In this paper, combined dynamic equations of motion of a rigid-link non-redundant n-DOF robot
manipulator consisting of mechanical links, all with revolute joints, and electrical actuators are considered and
application of an adaptive robust control algorithm is proposed for trajectory tracking of the robot manipulator.
Analysis of stability of the suggested scheme is presented in details. The simplicity of the control law and low
computational load are two main advantages of the proposed method. Simulation results of applying this
technique on a 5 DOF RLED robot illustrate the merits of the scheme and show that the algorithm achieves the
specified tracking precision without any a priori information on disturbances or system parameters uncertainty.
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. Introduction

The In robotic systems, different types of actuators are utilized to drive the links, wheels, legs, etc.
Usually, electrical actuators are utilized. Electrically driven robot manipulators can be controlled in two
different levels: torque level and voltage level. When one uses a torque-level controller, actuator dynamics is
disregarded which implies a simplified (typically linear) relation between torque and voltage vectors is assumed.

Robot's actuator dynamics constitutes a significant part of the complete robot dynamics and becomes
extremely important during situations in which motor currents are rapidly changing. Recently, actuator
dynamics has been explicitly included in robot manipulator control schemes, [1-8]. It has been shown that this
inclusion is necessary in order to have high controller efficiency, [9]. However, the inclusion increases the order
of equations of system dynamics and complicates the controller structure and its stability analysis, [10].

Most of model based control schemes proposed for rigid-link electrically-driven (RLED) robot
manipulators are different versions of adaptive and robust controllers. One of the attractive features of the
adaptive controllers is that the control implementation does not require a priori knowledge of unknown constant
system parameters. In a robotic system some of the parameters such as payload mass or friction coefficients are
difficult to compute or measure, therefore, adaptive controllers represent an important step toward high-
speed/precision robotic applications, [11]. Several direct adaptive algorithms have been presented for trajectory
tracking of RLED robots in the literature. In some of them full knowledge of the actuator parameters is required
and only mechanical parameters are assumed to be uncertain, [12], and in some of them, both mechanical and
electrical parameters are considered with uncertainty [2, 5, 6, 13-15]. Yuan followed the latter case, [6]. In his
work, the torque vector is no longer an input vector; instead, it is an output signal controlled by the voltage
commands such that it converges to a desired (calculated) torque vector, z4. In this approach, like the approach
presented in [12], acceleration feedback vector is needed, but this signal is seriously corrupted with noise. This
limitation can be removed by estimating acceleration instead of measuring it, [6]. Also, required computational
load is very high, because of the need for 7 ; to be calculated. In the approach proposed by Stepanenko and Su,

the design procedure is a two-step process, [14]. First, the current vector is regarded as a control variable for
mechanical subsystem and an embedded control input for the desired current vector, Id, is designed so that the
tracking goal may be achieved. Second, the voltage commands are designed such that I tracks I4. This procedure
can be viewed as a backstepping approach, [3], and requires the measurements of motor currents, joint
coordinates and velocities vectors. In a series of works by Dawson et al., including [2, 13-14], they presented an
adaptive method together with a pseudo-velocity filter to eliminate the need to measure the joint velocities. In
this case, only joint coordinates and motor currents should be measured. Two disadvantages of the adaptive
controllers are: 1) large amount of on-line calculation is required (especially for higher DOF robots), and 2) lack
of robustness to additive bounded disturbances, [11, 16], and these are true for those works.

Two of the attractive features of the robust controllers are 1) on-line computation is kept to minimum
and 2) their inherent robustness to additive bounded disturbances, [11, 14-16], used robust controllers and
bounds on the parameters uncertainty and not adaptation mechanisms to estimate them. One of the
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disadvantages of the robust control approaches is that these controllers require a priori known bounds on the
uncertainty. In general, calculation of the bounds on the uncertainty can be quite a tedious process since this
calculation involves finding the maximum values for the inertia and friction related constants for each link of the
robot manipulator. Another disadvantage of the robust control approaches is that even in the absence of additive
bounded disturbances, asymptotic stability of the tracking error cannot be guaranteed. In general, it would be
desirable to obtain at least a “theoretical” asymptotic stability result for the tracking error, [11, 16].

In this paper, an adaptive robust control method is developed for tracking control of RLED robot
manipulators. The adaptive robust controller can be thought of as combining the best qualities of the adaptive
controllers and the robust controllers. This control approach has the advantages of: 1) reduced on-line
calculations (compared to the adaptive control methods), 2) robustness to additive bounded disturbances, 3) no
need to a priori knowledge of system uncertainty, 4) simplicity of the control commands and 5) asymptotic
tracking error performance. The method presented in [14], is an adaptive robust controller, but its on-line
calculation for estimating the parameters is not reduced in compare to its adaptive counterpart, [14].

This paper is organized in the following sections. In section 2, dynamic equations of motion of a
general RLED robot manipulator including its mechanical links (second order vector ODE) and its electrical
actuators (first order vector ODE) are presented and then combined to obtain a set of third order ODE’s. Also,
the properties of robot’s dynamics are reviewed. In section 3, the adaptive-robust algorithm is presented for
mechanical arm dynamics and then its extension for a general RLED robot is proposed. Details of stability
analysis of the suggested method are presented in section 4.

A 5 DOF RLED robot is considered as an example to apply the adaptive robust algorithm. Some of the
robot’s specifications are given in section 5. Results of simulation of trajectory tracking of the 5 DOF robot for
the given desired trajectory using the proposed scheme for two cases: 1) without any disturbances and 2) with
sinusoidal vector of input voltage disturbances are presented in section 6. The paper concludes in section 7.

1. Robot Arm and Actuator Dynamic Equations
The dynamic model of a general rigid n-link robot is a second order nonlinear differential vector
equation [11, 16-17]:
M(a).G+C(a,4).q+9(a) =7 1)

where qe R" is the vector of joint space generalized coordinates; z € R"is the vector of generalized

torques; M(q), C(g,q) € R™" and g(q) € R" are the inertia matrix, matrix of centrifugal and Coriolis effects
and vector of gravity terms, respectively.
M(q) is an n> n symmetric positive definite matrix, bounded below and above, i.e. 3a > >0, such

that B<|M(q)|<a, vqeR", (property 1). In addition, C(g,g) and g(g) are above bounded, i.e.

I] < cp (q).||q||2 and ||g(a)|| < gp(q) , where c(q)and gy, (q) are known scalar functions that for a manipulator
with only revolute joints are constant but for a manipulator with some prismatic joints may depend on g,
(properties 2, 3, respectively). The matrix M(q)—2.C(q,q) is skew-symmetric by a proper definition

ofC(q,q), namely: xT.[M(q)—Z.C(q,q)].x=0 vx e R", (property 4). The dynamic parameter linearability
enables one to write the dynamic equations in the linear-in-parameters (LIPs) form:

M (0)-G+C(a,d).d+9(a) =Y (a.4.6)-¢ @

where Y (q,d,d) € R™P is known as regressor matrix and ¢ € RP is the vector of robot base dynamic

parameters, (property 5) .
With DC motors as system actuators, actuator dynamics is a first order differential equation:

LI+RI+K, AG=v ®)
where L, R, Kqand A are electrical inductance, electrical resistance, back emf coefficient and gear ratio

diagonal matrices, respectively. | and v are armature current and motor input voltage vectors, respectively.
Relation between the vector of joint generalized torques and the vector of armature currents is described by:

7=AK; .l (4)
where Ky is positive definite constant diagonal matrix of actuator torque coefficients. Dimensions of

these matrices and vectors are considered as appropriate.

One may omit z by combining equations (1) and (4). Taking derivative of the consequent equation and
eliminating | by combining the derivative relation and equation (3) will lead to the following third-order
dynamics of the arm and actuators:

H(a).4+B(a,¢).6+C'(0,4,6).G+D(q,9,6) =v ®)
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Where

H(q) = LK;"A™.M(q) = L'M(q)

B(q,d) = LK;*A™ (M (q,d)+ C(a,4))}+ RK;*A™M (q)
=M (q.d)+C(a.4))+ R'M ()

C'(d,,4) = LK;*A™-C(g,6,6)+ RK;*A™-C(g,6)+ K,
=L'C(q,6,6)+R"-C(a,0)+ K,

D(9,6,6) = LK;*A™ - g(q,6)+ RK*A™ - g(q)
=L"-g(a,9)+R"9(q)

Since M(q), Ky, L and A are symmetric positive definite matrices, L', R’ and H(q) will be symmetric

positive definite matrices, too. Also, the gear ratios of the motors may be chosen in such a way that the elements
of the diagonal matrix L' are equal, then L' =1".1 ., , where |, is the nxn identity matrix.

(6)

111. Adaptive Robust Control of RLED Robots

In order to present an adaptive robust control method for a (robotic) system, one may begin with an
adaptive algorithm and then try to make it robust with respect to some uncertainty and disturbances. Also, one
can start with a robust controller by using some bounds on the uncertainty and disturbances and then use an
adaptive mechanism to estimate the bounds (not the uncertainty or disturbances).

In this paper, using the latter approach, an adaptive robust control method that decreases much of
computational complexity and has a simple controller vector of voltage commands is proposed for trajectory
tracking of RLED robots. Let’s begin with a robust approach for mechanical arm dynamics, Eqn. 2, and then put
forward an adaptive law for bounds estimation, and at the end, extend the work to combined robot dynamics,
Eqgn. 5.

Robust passivity based control law for the system of Egn. 2, has been suggested as follows, [16]:

T:I\7I§+ég'+@—KDa+u0 @)

whereM |, C, § have the same forms as M, C and g, respectively, but with estimated parameters, Kp
is a constant positive definite matrix, and

c= ch —Aﬁ (8)

oc=04-¢=0+AJ 9)

where / is a constant positive definite matrix, g4 is the desired trajectory and g =q—qq is vector of

position tracking error.
Egns. (2) and (7) give:

Mo +Co+ Kpo =W+U, (10)
where (see property 5)
W=YG=(M-M)é+(C-C)+(§-0) (11)
and

in which ¢ and ¢ are the vectors of estimated and exact base dynamic parameters of the system,

respectively. It has been shown that the Lyapunov function, V = %O‘TMO', has negative semi-definite time
derivative if ug is chosen as, [16]:

U, =—(p*/e)o (13)
Also, uy can be considered as, [11]:

U, =—(0*/(e+ plo]))o (14)
where ¢ is a vector of positive valued functions and

[# < o (15)

and from properties 1,2 and 3, [16]:

~ — —~ 2 16
p =ty + ]+ ]+ ] (19)
or, [11]:
p=8+5e+sle =1 [e] |ef1s, & & (17)
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where e=[q a], and (when only revolute joints are used) the constant bounds ¢;’s and d;’s depend on

Kp, 4, desired trajectory, M , C and § and can be a priori calculated in a complicated and lengthy process,

[16].
To find an adaptive mechanism for this system, first there should be recognized some uncertain

parameters to be estimated on-line. These parameters could be either ¢ oré. For an adaptive-robust controller,

to estimate a fewer number of unknowns, one may choose the vector of uncertain bounds, 6. But, there is a

problem for choosing 6 and that is ¢ is not estimated anymore and, therefore, its terms cannot be used in
equation (7). To deal with this problem and to make the controller (torque) commands simpler, one may
formulate the following changes:

7=-Kyo+U, (18)

M6 +Co+Kpo=-ME-Cé—g+U, (19)

=Y'p+uy =W +u,

i< o (20)

Note that the equations (16) and (17) need not to be changed, although the constant bounds do not have
their previous values. These parameters can be updated by the following adaptation mechanism:

A= 21
66 ==8"|o] )
where y is a positive definite matrix, 6 =66 ,and p and 5= 5 — p can be defined as:
p=S6 , p=S6 (22)

The following Lyapunov function can be used for stability analysis of the system:

V= %GTMO'+%§T7/1§+ K, e (23)

where K, is a positive definite matrix. Details of taking time derivative of the Lyapunov function are
given in the appendix. After some substitutions and algebraic manipulation, the Lyapunov function time
derivative will be obtained as:

V<-c'Kyo (24)

The eigenvalues of Kp should be chosen by a trial and error procedure so that the closed-loop system is

fast enough to work for the robotic system and, on the other hand, it is computationally stable.
This approach can be extended to combined robot dynamics, Eqn (5). By modifying definitions of ¢

and ¢ as:

Q.: = qd _A1a _Aza (25)

a=d—§=a+A1€|+A2ﬁ (26)

where A; and 4, are two positive definite matrices, one may write:

Ho +Bo +Kpo = H( - &) + B( - &) + (C'd + D) - (C'q + D) + Kpo 27)
=(Hg +BG+C'q+ D) — (HZ + B +C'q+ D) + Kpo
=v—(H+B5+C'q+ D)+ Kpo
:—KDO'+ Up + w + KDO'

=Up+WwW'
where Egn. (5) and the following equation hold:
W =HZ+B&+C'¢+D (28)
Also, the controller vector of voltage commands is assumed to be:
v=u,-Kyo (29)

which is a simple and easy to compute controller and similar to (18). Because of properties 1, 2, 3 and
5, one may write:

wl< o

where

p" =5, + Sl + Sl +oe]+ aiellle| = s

s=h o 1l el Jelel]

‘9':[50 6 6, & 54Ir

(30)

(1)
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IV. Stability Analysis of the Proposed Scheme
By introducing the Lyapunov function as:

V= %GTHJ+%§'7/"1§' +K. e (32)
its time derivative will be:

V= %JTMO'+ o' Mo + 5”7/’15' +K e
Assuming

e=-K.,¢ (34)
combining Eqgns. (21), (27), (33) and (34) gives:

V= % o Ho+o' W' -Bo - KD0'+UO)+§'T771(—;6’THUH)

(33)

+K, =K, ) = }é o' (H=2B)o+o" (W —Kpo +Ug) (35)
+§'T}/71(—75’T UH) +&
Using Eqn. (5) in Egn. (35) yields;

v :%UT(L’M 7ZB)o'+o'TW"7c7TKDo'+o'TLl076‘~'TS'THcrufg

=20 (LM =2L'M -2L'C-2RM)o+0" W'~ Kpo+aTug =678 o] -

=207 (-LM-2LC-2RM +2L'C-2LC)o+o" W -0  Kpo+o ug -8 ST o] -2 (36)
=-YoTL(M-2C)o-0T 2LC+RM +Kp)o+o W +o Uy -0 |o] -2
Since L'=1"l,,,, by property 4, L'(M —2C) is still a skew-symmetric matrix and one may conclude

that:
V =-c"(2L'C+RM +K,)oo'W +5'u, —0"S"
Egns. (14), (15), (17), (22) and (37) give:

Y So‘Tp"+0'Tu0 -6 (2L'C+RM + KD)J—E'TS'THUH -

of-¢ (37)

=0'8'0+0 ug—o" 2L'C+RM +Kp)o -0 o] - &

<078 o+ o ug—o" RL'C+RM +Kp)o -0 o] - &
=07ST|o|+0 ug—oT RL'C+RM +Kp)o—¢

<gTsT HO’H o' o‘(,bz/(g + pﬁHo‘H)) —o'2LC+RM + Kplo—¢
=078 |lo| - T o((5'0)2/ (s + S'O|o]) — o (2L'T + RM + Kp)o—&
=075 o] -[o?(5'6)? /(s + S'@]o])) - 0T (2L'C + RM + Kp)o &
_ (0ol + 50l - S@V]ol”

£+5'0o]

oT@LC+RM +Kp)o—& (38)
s
&+ S’&'HGH

_ 80| -2 - S0l

—£-0' 2LC+RM +Kp)o

-6" (2L'C+RM +Kp)o

&+ S'é’Ho‘H
2
& T , 1l
=—— 2L'C+R'M + K
e+ 5] * (2LC+RM +Kp)o

<-o" (2L'C+RM +Kp)o

Considering that Ky elements are usually chosen through a trial and error procedure and by taking
advantage of properties 1 and 2, presence of the term 2L'C + R'M is not a serious problem for the algorithm.
Also, if the diagonal elements of L' are not equal, there still can be found a smaller region for Ky elements that
renders a stable closed loop system. Therefore, one may write:

V <2,,(2L'C+R'M + Ky )off (39)
where Amin is the smallest eigenvalue of matrix 2L'C + R'M + K . This implies that:
(40)

V(0) =V () 2 Ay [ ®)]lt

Since V is negative semi-definite, it can be stated that V is a non-increasing function and, therefore, it
is upper bounded by V(0), then:

Jinin] [P (@) dor < o0 (41)
0

or:
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| [lodt <o (42)

which shows o e er‘. To establish a stability result for the position tracking error, g , one may write
the transfer function relationship between the tracking error and the filtered tracking error, o, as:

G(s) = G(s).o(s) = (s21 + A, + A, ) " (s) (43)

where s is the Laplace variable. Since G(s) is a strictly proper, asymptotically stable transfer function
and o € L7, one may conclude that, [11, 16]:

lim gq=0 (44)

t—wo
Therefore, the position tracking error, g, and also the velocity tracking error, § , are asymptotically
stable.

V. The Robotic System and the Desired Trajectory

The considered robotic system used in this paper as the example to study the proposed control schemes
is a 5-DOF RLED robot manipulator with revolute joints and DC motors as their actuators. A schematic of the
robot is shown in, Fig. (1). Robot’s kinematic and dynamic parameters and its motors’ specifications can be
found in Table (1) and Table (2) and [18].

Desired Trajectory is presented in joint space. It is designed so that in its first part, all joints have their
accelerated motions together, then they move with constant velocities and in the final part, they will have
separate decelerated motions, (See Fig. (2)). Therefore, in this trajectory all kinds of motion have been included.

at 2d=15.11em

al=2071lem

Figure 1. A schematic of the 5 DOF robot

VI. Simulation Results and Discussion
The adaptive robust algorithm, described in the previous sections, has been applied on a 5 DOF RLED
robot manipulator. The simulations are performed for two cases: 1) without any disturbances and 2) with
sinusoidal disturbance on the control voltage commands as: vg =[0.1 0.1 0.1 0.1 0.1]-r sin(zt/4) .
Simulation results of the control voltage commands and errors in joint position tracking are shown in Figs. 3-6.
Table 1. Kinematic (Denavit-Hartenberg) and Dynamic Parameters of the Fobot

Link [Link . Massof Link [Kg] | Positonof Ce
Variable C¥; [degree] i, r_’f[. Region of Qr. [m]
[mm] [mm] [ [degree]
0 - - - 130 - -
1 a 00 0 125 +100 0.800 0.09
1 T
2 a 0 200 0 160 to 360 0.600 0.09
a2
3 g 0 200 0 +100 0.400 0.09
5 T
4 20 0 0 0.200 0.01
6, +100
5 &E 0 0 148 +200 0.100 0.06
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Figure 2. The desired trajectory

Voltage Commands
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Figure 3. Voltage control commands by adaptive robust without any disturbances

Adaptive Control Error Tracking with Disturbance
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Figure 4. Errors in position tracking by adaptive robust control without any disturbances
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Voltage Commands
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Figure 5. Control voltage commands by adaptive robust with sinusoidal disturbance

3th Order Dynamic-based Adaptive-Robust Control Tracking Error with Disturbance
an ™ T T ' T am T T

05

Error [Degree]
o

-0.5

o 10 20 30 40 50 60 70 80 90 100
Time [sec]

Figure 6. Errors in position tracking by adaptive robust control with sinusoidal disturbance

VII.  Conclusion

A In this paper, a combined third order dynamics for general non-redundant RLED robot manipulators’
arm and actuator dynamics was adopted and an adaptive robust control method was presented for its trajectory
tracking. Stability of the proposed scheme was proved using the Lyapunov theory. Simulation results of
application of this method on a 5 DOF RLED robot show its good tracking performance and excellent
robustness to disturbances. But the method needs joint acceleration measurement. Adaptive robust control
method with third order dynamics, has a very good advantage of its very low computational burden (8 order less
than that of adaptive control [18, 19] because of its very simple controlled voltage command and not requiring
computation of the complex regressor matrix of the adaptive controllers. Comparison of the results of simulation
of this scheme with those of two other adaptive(/robust) tracking control methods for RLED robots illustrates
the effectiveness of the proposed scheme and demonstrates that this method is better in almost every respect but
that it needs joint acceleration feedback [19].

Appendix

Time derivative of the Lyapunov function given in Eqgn. (23) can be taken as:
% :%JTM0+0TM6+§T7’15+K8’13 (45)
Considering Eqgns. (10), (21), (34) and (46):
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V= %GTMG-FUT W -Co-Kyo+u,)
+0Ty (8 o) + K, (K, #)

=%O'T (M-2C)o+c"W +o'u,
—UTKDO'—éTSTHO'H—é‘

Because of property 4 and taking into account Egns. (14), (15), (17) and (22), one may obtain:
V=c'W+c'U,—c' KDU—5T8T||O'||—€

(46)

<o’ p+o'y, —o-TKDO'—éTSTHO'"—g
=0'SO+c'u,—c' KDG—5T5T||G||—£
< 9T5T||J||+0Tu0 -o' KDG—gTST"G"—S

= (9T8T||0'||+0'Tu0 -0’ Kyo—¢

2
SéTST"G"—O'TO' 0 Kyo—¢
e+p|o]
N\2
ZéTST"O'"—GTO'&—O'TKDJ—S
£+S6 0'||
N\2
= 0"S o] - Jof —E2 67K o -2 (47
e+S0 0'||
Ol + S-Syl
&+50]o] °
sl
£+S6|o]
B R B
5+S€||0'||
2
=—€—A—0'T Kyo
£+S6|o]
<-o'Kpo
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