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Abstract:The use of trigonometric shape functions in analysis of continuous plates in two directions by earlier
researchers have been with a lot of difficulties of complex and cumbersome equations. In this study, polynomial
displacement functions are used toanalyze a two-way continuous plate. A continuous plate spanning in both x
and y-directionsis divided into twelve (12) panels, four(4) panels each along the x-direction and three(3) panels
each along the y-direction. The external edges are assumed simply supported while the internal edges of each
panel are assumed clamped. Edge moments of the clamped edges are calculated for each panel using
appropriate boundary conditions which formed the fixed end moments(FEMs). Beam analogy is use to analyze
the continuous plate using stiffness method in both directions to obtain the support and span moments. The
support moments obtainedare comparedwith the fixed end moment. These showed a good distribution of the
FEMs with percentage difference of 6.1% maximum in both directions. Simple equations are proposed based on
the obtained result to quicken the analysis and design. Therefore, we conclude that analysis of continuous plate
in two directions is adequate and easier with the use of polynomial displacement shape functions.
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I.  Introduction

The use of trigonometric shape functions in classical and approximate methods of analysis of
continuous plates in two ways by earlier scholars such as * % *had been with a lot of difficulties due to complex
and cumbersome equations. A plate by definition, is a structural element whose one dimension, the thickness, is
smaller than the other two dimensions®**°. A continuous plate is that plate spanning over several supports into
several equal or unequal panels. It is called one-way continuous plate if it spans only in one direction for
example along x-axis, and if it spans along both x- and y- directions, then, it is called a two—way continuous
plate. Application of the rigorous classical methods to the design of continuous floor slabs often leads to
cumbersome calculations, and some illusory results based on indeterminable factors affecting the magnitude of
the moments of the plate. This may be as a result of the fact that, continuous plates are externally statically
indeterminate. The general analysis methods are force and deformation methods. Earlier scholars have used
trigonometric displacement functions in analyzing continuous plate both in one-way and two ways"**"
Dallam®used slope deflection method in his analysis. In finding an easy way of analyzing continuous plate in
general and atwo-way continuous plate in particular, some scholars applied numerical and optimization
techniques in theanalysesof continuous plates”9:1011121314.15,16.17

The present study employ the use of polynomial displacement functions and beam analogy. This is
because of their simplicity in mathematical manipulations. Several scholars'®!*??%2 have applied them to
analyze single panel plates for bending, buckling and vibration. ?applied them to analyzeda one-way continuous
plate. However, there is indeed no evidence of their use in analyzing a two-way continuous plate. Also, there is
limited literatures, at least to the authors’ knowledge, for a two-way continuous plate analysis. According to?,
beam analogy method makes use of characteristic orthogonal polynomials to obtain meaningful displacement
functions for each beam strip and plate. In view of %, even though, a plate is a two dimensional element, the
assumptions of beam theory still applies to plates. Trigonometric functions have been the dominantfunctions in
analysis of continuous plates. None at least to the authors’ knowledge, uses polynomial displacement functions
in a two—way continuous plate analysis. Therefore, this research work is aimed at the application of polynomial
displacement functions using beam analogy to analyze a two-way continuous plate with the view of obtaining
fixed edge moments, support moments and span moments. Also, we aimed to obtain simple equationsfor
calculating these moments based on the results obtained.
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I1. Methodology
Figure 1.0, showed a two-way continuous plate (that is, a 3 by 4 span). The plate is divided into twelve
single panels of rectangular plates. It is assumed that all external edges (i.e. edges 1-2, 2-3, 3-4, 4-5, 5-6, 6-7, 7-
5, 1-6, 7-1) are simply supported and internal edges(i.e. edges 2-2, 3-3, 4-4, 6-6, 7-7) are clamped.
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Q Figure 1.0: A Sketch of Continuous Plate in Two-ways

The naming of the plate panels is from the top moving anticlockwise. Hence,

SSCC plate means a plate with the first two edges simply supported and the third and four edges clamped.
SCCC plate means a plate simply supported at the first edge and clamped at the second, third and fourth edges.
The rest of the panels follows the same pattern as above.

The displacement shape profile, h, for the nine different plate types are given by Adah?’ as presented in Table no
1.

Table no 1: Polynomial DisplacementShape Functions for the Nine Rectangular Plates Types

SIN Types of Plates Displacement Shape Profile, h = R*Q
1 SSCC =SC *SC (0.5R-1.5R*+R*)(0.5Q-1.5Q°*+Q"
2 SCCC=CC*SsC (R*-2R3+R%)(0.5Q-1.5Q%*+Q%
3 SCCS=CS*SC (1.5R-2.5R*+R")(0.5Q-1.5Q°+Q")
4 Cscc=SC*CcC (0.5R-1.5R*+R*)(Q*2Q%+Q")
5 cccc=cc*ce (R*-2R3+R*)(Q%-2Q%*+Q%
6 CCCS=CS*CC (1.5R%-2 5R%+R*%)(Q%-2Q%*+Q%
7 CSSC=SC*CS (0.5R-1.5R*+R") (1.5Q%-2.5Q°+Q"
8 ccsc=cc*cs (R*-2R*+R%) (1.5Q%-2.5Q°+Q")
9 CCSS=CS*CS (1.5R%-2.5R*R") (1.5Q%2.5Q%*+Q"

In non-dimensional parameters, R and Q; for X =aR, Y =bQ, for 0 <R <1,0<Q < 1. Where ‘a’ and ‘b’ are
the plate dimensions along x- and y- axes respectively.
The total potential energy functional of a rectangular plate under pure bending is given by %

DA2 4 2 azh aZh
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Where: h is the general displacement shape profile, and is given as equation (2)

w
h=-— @
D, the flexural rigidity of the plate material and is given as equation (3)
Et?
D=5a—wm ®

and A is the amplitude of displacement, t is the plate thickness, v is the Poison ratio. While 2 is the aspect ratio
b/a.

If equation (1) is minimize with respect to A, and after making the amplitude, A, the subject of the formula we
have,

4
A=u s @
1 1
.J T hOROQ
Where, u; = fo fo )

1 c1[d%h | 2 42h 1 92h
o Jo [m 22 9R3Q +2_4W] 9RAQ

The bending moment-curvature of a plate is given as
*’w  9*w
Mx = —D wﬁ'VW (661)

’w  9*w
M, = -D Voz +—ay2 (6b)
Where v is the Poisson ratio of the plate material
By substituting equations (2) and (4) into equation (6), the bending moment-Curvatures, Mg and Mg of a
rectangular isotropic plate in R- and Q- directions in non-dimensional form are®’

,(0%h  9%h
MR = —ugqa aﬁ‘FVW (761)

B ,( 9°h  9°h
MQ = —ugqa (VW + m) (7b)
Equations (7) becomes
Mp = B,qa®? =FEM (8a)
My = By,qa* =FEM (8b)
9%h 9%h 9*h  0°h
where 3, = —u, (6? + VW>; By = —Ug (VW + W) €))
Assuming the individual plate panels are square (that is a = b). The coefficient of the fixed end moment of each
span is obtained by differentiating, the displacement shape profile, h, of each panel with respect to R and Q. The
resulting expressions is substituted into equation (9). For instance,
Now for SSCC plate panel, the fixed edge moment (FEMg = Mg) is

FEMp = —u,qa?® ((121?2 —9R)(0.5Q — 1.5Q% + 4*) + 212(0.5R —1.5R3 + RH)(12Q% - 12R)> (10)

At the midpoint of Support 2, R = 1, Q =%, hence, equation (10) becomes,
FEM, = —0.375u,qa?(11a)

Similarly,
-0375u;
FEMQ = Tqa (11b)
Where u,from Equation (5) for SSCC plate and b/a = 1, is 0.134453581, resulting in
FEMp = —0.375 % 0.134453581qa® = —0.05042qa? (12a)
FEM, = —0.375 % 0.134453581qa* = —0.05042qa?(12b)

Similarly, the values of the coefficients of fixed endmoments of the individual plate panels were obtained and
are presented in Figure 2.0 and Table 2.0. The external edges have zero FEMs because a simply supported edge
has no fixed end moment.
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Figure 2.0: FEMs Coefficients at the edges of the individual plate panels of a Two-Way Continuous plate

Supports Moments Calculation Using Element Stiffness Method
Three sections along x-axis and four sections along y-axis are taken through the center of each panel(Figures

1.0). The strips taken are presented as a beam loaded uniformly as shown in Figure 3.0a and ¢ along x- and y-
axes respectively.

Q(kN/m)

ymalklsx !jTi:é_i_‘f’ ft'.‘!f'!__i_—f_’i;%_ir ﬂ_ﬁ_i;?\

N -
Ay (1) LX< 22X AT (3 A 1) L
Ia-—— A — P 3 —P— 2@ ——44—— a —->|

a: Section S-S, longitudinal plate strip loaded uniformly
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b: Section S-S, showing the supports rotations, Take Elas constantd: Section A-A.
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Figure 3.0: Sections from a 3 by 4 span Continuous plate in Figure 1.0;
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The rotations or deformations, @, at the supports are as shown in Figure 3b and d. These beams are
analyzed using element stiffness method for support and span moments. Note that, (1), (2), (3) and (4) denote
the spans 1, 2, ...n; and 1,2,3,4, 5, denote supports 1, 2, ...n; a is the plate dimension along x-axis, b is along y-
axis and q is the uniformly distributed transverse load on the plate. Assuming equal spans i.e. (1) = (2,) = (3),=
(4) , that is , aspect ratio & =b/a = 1.

Considering Section S-S, due to symmetry, the element stiffness (K.) for members 1,2; 2,3; 3,4; and 4,5; are the
same and given as

ke= 4EI/L; 2EI/L; =El/a 4
2EI/L; 4El/L; 2 4

N

(13)

Where i indicates the span under consideration.
Combining all the elements stiffness for the section, to obtain the global stiffness K,
4 (2 |0 |0 |O

K= El/a

2 [8 [2 [0 |0
0 [2 [8 |2 |0 (14)
0 [0 [2 |8 |2
0 [0 [0 |2 |4

The fixed end moment (FEM; )

Considering symmetry, the fixed end moments at the supports of the continuous plates are as follows:
FEM]_,]_ = FEM5,4 = OkNm,

FEM,,; = FEMy,s = -0.05042qa°kNm;

FEM,,,= FEMs,, = FEM3,3= FEMy,5 = -0.051420a°kNm;

Presenting the result in matrix form we obtain Equation (15)

0.00000 | FEM, ,

-0.05042 | FEM,,

-0.05142 | FEM, 3

FEM = qa’ -0.05142 | FEM;, (15)
-0.05142 | FEM;, kNm

-0.05142 | FEM, 3

-0.05042 | FEM,s

0.00000 | FEMs4

The total fixed end moment at each support are obtained by adding the FEMs at each support for the adjoining
plate edges, and presenting the result in matrix form we have

FEM1 0 0.00000
FEM2 -0.05042+0.05142 0.001
FEM3 | = ga° -0.05142+0.05142 | = ga® | 0.00000 | kNm (16)
FEM4 -0.05142+0.05142 -0.001
; FEM5 0 0.00000
Force is stiffness multiply by deformation or rotation
Thatis |FEM |= | K |[* | @ | (17)
Substituting Equations (14) and (16) into Equation (17) yields
0.00000 4 2 0 0 0 )
0.001 2 8 2 0 0 @2
0.00000 =Ella | 0 2 8 2 0|* @3 (18)
k-0.001 0 0 2 8 2 @4
0.00000 0 0 0 2 4 @5

Making deformation the subject of the equation by taken the inverse of the global stiffness matrix we obtain
equation (19)
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o1 0.28869 -0.07738
©2 007738 0.154762
©3 | =Bl 020833 -0.04167
@4 10.00595 0.011905
®3 0.002976  -0.00595
Resolving we have

@1 -0.00007
©2 0.000143
©3 =aaEl | 400000
®4 -0.00014
®3 0.00007

0.020833
-0.04167
0.145833
-0.04167
0.020833

Member moment (MD) force calculation
This is obtained from the product of element stiffhess of each member and the corresponding deformation

MD=k*®

Hence, for member 1,2
MD1,2 = El/a 4
MD2,1 2

For member 2,3
MD2,3 = El/a 4

MD3,2 2

For member 3,4
MD3,4 = Ell/a 4

MD4,3 2

For member 4,5
MD4,5 = Ell/a 4

MD5,4 2

2 *
4

2 *

2 *

2 *

Final Support Moments (SM)
The moment at the supports are obtained from the difference between the FEM and the MD that is Equations

(15) and (21).

ga’/El

ga’/El

ga’/El

ga’/El

-0.00595
0.011905
-0.04167
0.154762
-0.07738

(19)

(20)
-0.00007

0.000143

0.000143
0.00000

0.00000
-0.00014

-0.00014

0.00007

0.002976
-0.00595
0.020833
-0.07738

0.28869

2

ga

ga

ga

ga

0.00000
0.001

* 1 0.00000
-0.001
0.00000

0.00000
0.000429

0.000571
0.000286

-0.00029
-0.00057

-0.00043

0.00000

ga

(21a)

(21b)

(21c)

(21d)

SM = FEM — MD (22)

Hence, for member 1,2

M1,2 = ga’ - qga’ = ga’
0.00000 0.00000 0.00000

M2,1 (23a)
-0.05042 0.000429 -0.05085

For member 2,3

SM23 | = qa’ - qga’ = ga’
-0.05142 0.000571 -0.05199

SM3,2 (23b)
-0.05142 0.000286 -0.05171
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For member 3,4

SM34 | = ga? - ga? = qa’
-0.05142 -0.00029 -0.05113

SM4,3 (23¢)
-0.05142 -0.00057 -0.05085

For member 4,5

SM4,5 | = qa - ga’ = ga’
-0.05042 -0.00043 -0.04999

SM5 4 (23d)
0.0000 0.00000 0.00000

Span Moment (Mspn)

Oyenuga® expressed the span moment as

Mgy = 0.125qa” - 0.5(FEM,j+ FEM],i) ga’ (24)
Therefore, substituting FEMs values in equation (15) into equation (24) gives

Mspn(l 0.09929qa (25a)
spn(2) 007358(]3 (25b)
spn(3) 007408qa (25c)
Mspna)= 0.09979qa’ (25d)

In a similar way, other sections, that is, T-T, A-A and B-B, were analyzed for FEMs, SM and M.

1. Results
The numerical results obtained for fixed edge moments, support moments from this work are presented
in Tables no 2 and 3 for x- and y- directions respectively. FEMs and SMs of Section S-S are presented Columns
2 and 3 respectively, and those for Section T-T along x-direction are presented in columns 5 and 6 respectively.
The numerical values in the Tables are the coefficients only. Also, results obtained for span moments along x-
and y- directions are presented in Table no 4.

Table no 2:Values of Coefficients of FEM and SM,of a Two-way Continuous Plate in x-direction obtained from
Present Study. (2 =1, 4-Spans).

Section S-S Section T-T
Support FEMi,,-:qua2 SM;; = B20a> Percentage FEM;; = Ba0a® SM;; = Ba0a® Percentage
B1 B2 Difference Ba Ba Difference
100(B2- B1)/ Bu 100(Ba- B3)/ Bs
1 0.0000 0.00000 0.00 0.0000 0.00000 0.00
2 -0.05042 -0.05085 -0.85 -0.03856 -0.04026 -4.41
-0.05142 -0.05199 -1.11 -0.04252 -0.04478 -5.32
3 -0.05142 -0.05171 -0.56 -0.04252 -0.04365 -2.66
-0.05142 -0.05113 0.03 -0.04252 -0.04139 2.66
4 -0.05142 -0.05085 1.11 -0.04252 -0.04024 5.37
-0.05042 -0.04999 0.85 -0.03856 -0.03686 441
5 0.0000 0.00000 0.00 0.0000 0.00000 0.00
FEMe = SMe = FEM, = SM, = -ga’/22
-0a?/18, -0a’/18, -qa’/22

Table no 3: Coefficients of FEM and SM, of a Two-way Continuous Plate along y-direction obtained from
Present Study. (2 =1, 3-Spans).

Section A-A Section B-B
Support FEM;; = Bqa’ SM;; =Bqa’ Percentage FEM; ;=Bsqa’ SM;; =Baga® Percentage
By B2 Difference Bs Ba Difference
100(B2- B1)/ Bu 100(B4- Bs)/ s
1 0.0000 0.00000 0.00 0.0000 0.00000 0.00
2 -0.05042 -0.05102 -1.20 -0.03856 -0.04094 -6.17
-0.05142 -0.05182 -0.78 -0.04252 -0.04410 -3.72
3 -0.05142 -0.05102 0.78 -0.04252 -0.04094 3.72
-0.05042 -0.04982 1.19 -0.03856 -0.03618 6.17
4 0.00000 0.00000 0.00 0.00000 0.00000 0.00
Equation FEMg = SMe =-qa%/18, FEM, = SM, =-qa?%/22,
-0a?/18, -0a%/22,

(Noted: Subscript, E is External strip, | is Internal Strip)
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Table no 4: Coefficients of Span moment (Mgy,), of a Two-way Continuous Plate along x- and y-directions
obtained from Present Study.

Span Moment Mspny = Bqb’ Mspnz) = Bqb’ Mspn(s) = Bqb’ Mapna) = Bqb’
B B B B
Section S-S 0.09929 0.07358 0.07408 0.09979
Section T-T 0.1037 0.08248 0.08447 0.10573
Section A-A 0.09929 0.07408 0.09979 -
Section B-B 0.10374 0.08446 0.10572 -
Equation Mgn = ga?/10

V. Discussions

Comparison was made between the fixed end moments and support moments obtained from this work
as show incolumns 4 and 7 of Table no 2 and 3 for x- and y- directions respectively. This is to validate the
results of this present study.For sections S-S and T-T along x-axis, the maximum percentage differences
arel.11% and 5.37% respectively. This shows that the values of the FEM and SMare very close and implies that
there is a good distribution of load at the supports. Also, for sections A-A and B-B, Table no 3 columns 4 and7
showed that the percentage differences are all less than 5% for FEM and have a maximum of 6.17% for support
moment(SM). This value even though greater than 5% is acceptable in statistics. These calculations were based
on aspect ratio of one which has simplify the manual calculation but these calculationscan be done for any
aspect ratio. In addition, from the results of the study, it is evidenced that the FEM and SM can be calculated
easily using -qa%/18 and -qa%/22 for external strips and internal strips of a continuous plate respectively. While
from Table no 4, the span moments can be calculated using ga?/10. Where a’ is the length of the plate along x-
axis and ‘q’ is the uniformly distributed load on the plate. With this equations, the present study has simplified
continuous plate analysis and offer an easy way to design.

V. Conclusion

The present study, presents analysis of a 3 by 4 spans continuous plate using polynomial displacement
functions. This approach used is based on beam analogy. It is evidenced from the discussion above that the
results of this present study using polynomial shape functions for analyzing 3x4-spans continuous plates in two
directions are satisfactory. Also, the present study has formulated equations to simplify the analysis. Hence, the
conclusion that polynomial displacement shape functions are simpler approximations of the deflected shape
function of rectangular plate suitable for continuous plate analysis in two directions, and the equations offer an
easy approach to design which safe time.
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