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Abstract: The present work investigates the influence of the fluid flow velocity and flow direction on the
velocity of axisymmetric waves propagating in a hollow cylinder containing this fluid. In the context of this
study, the motion of the cylinder is described by the exact equations and relations of linear elastodynamics, but
the flow of the fluid is described by the linearized Euler equations for compressible barotropic inviscid fluids.
Analytical expressions for the sought values containing unknown constants are obtained, and with the help of
contact and of compatibility conditions, the system of homogeneous algebraic equations with respect to these
unknown constants is obtained.Using the known procedures, the corresponding dispersion equation is attained.
This equation is solved numerically, whereupon the dispersion curves are obtained for different values of the
problem parameters, in particular for the different flow velocities under different flow directions. These
dispersion curves are constructed for the zeroth and first modes and it is made corresponding analysis of these
curves, as well as, it is formulated corresponding conclusions.
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I.  Introduction

The dynamic pressure of fluids flowing at high velocity in hollow cylinders is used in manyareas of
modern industry and mining. In addition, the flow of liquid during transportationthrough the pipes (hollow
cylinders) can sometimes occur at high velocities. In such cases,when applying the ultrasonic wave propagation
method for nondestructive defect detection inthese pipes, it is necessary to have available theoretical results on
the influence of the fluidflow velocity on the propagation velocities of the waves in these pipes. In fact, the
presentwork is devoted to these questions and the influence of the fluid flow velocity on the velocityof
axisymmetric waves propagating in the hollow cylinder containing this fluid isinvestigated. The investigations
are carried out within the framework of the exact equationsand relations of elastodynamics, which describe the
motion of the cylinder, and within theframework of the linearized Euler equations for the inviscid compressible
barotropic fluids inthis cylinder which describe the flow of this fluid.

Note that the mathematical modeling of the corresponding more general problems for the casewhen the
cylinder has inhomogeneous initial stresses induced by the hydrostatic pressureacting on the inner surface of the
hollow cylinder is described in the paper [1] using the three-dimensional linearized equations and relations of
the theory of elastic waves in bodies withinitial stresses.[2, 3, 4]. A brief overview of the related research was
given in the paper [1],therefore, we do not repeat that overview here and readers interested in that overview may
usethe paper [1].However, in the paper [1] the concrete numerical results are presented and discussed for
thecase when the fluid is at rest in the cylinder, i.e., for the case when there is no fluid flow in thecylinder. In
order to answer the questions formulated above, the present work is an attempt tostudy the influence of the fluid
flow velocity on the velocity of axisymmetric wavespropagating in this cylinder. At the same time, in the
present work, unlike the work [1], weassume that there are no initial stresses in the cylinder in the initial state.

1. Mathematical formulation of the problem
Consider the hydro-elastic system consisting of an infinite hollow cylinder and of acompressible
barotropic inviscid fluid contained in this cylinder. We associate the cylindricalOr6z and
CartesianOx; x,x3(x; = z)(Fig. 1) systems of coordinates with the central axis of the cylinder. Like the rules,
we use the Lagrange and Euler coordinates for describing the motion of the cylinder and fluid respectively. We
distinguish two states, namely the initial state and the disturbed state of the hydroelastic system under
consideration, and assume that in the initial state the quantities characterizing the stress-strain state in the
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cylinder are zero.Let us also assume that the fluid in the initial state flows inside the cylinder with constant

velocityVyalong the cylinder axis (in theOzaxis or in the opposite direction to this axis), so that the components
of the velocity vector of the fluid in the initial state are as follows:

V2 =0,V) =0 =V, = const (1)
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Fig. 1 The sketch of the hydro-elastic system under consideration: (a) cylinder containing flowing fluid; (b)
initial pressure and density of the fluid.

Hollo»;"\o'linder

The direction of the fluid flow in the initial state is determined by the sign of the values of the velocity 1, i.e. in
the cases whenV, > 0(V, < 0), the fluid flows in the direction of the 0z axis (opposite to the Oz axis).

Thus, we determine the quantities related to the initial state of the hydro-elastic system under consideration
by the expressions in (1) and assume that after the occurrence of this initial state, the hydro-elastic system
undergoes a certain dynamical perturbation, as a result of which the axisymmetric waves propagate. It is
necessary to investigate how this initial state, i.e., the flow velocity V,, affects the propagation of said waves.

For this investigation, we use the exact equations and relations of linear elastodynamics and the linearized Euler
equations to describe the flow of the inviscid compressible barotropic fluid.

Now we write the corresponding field equations and relations for the cylinder in the cylindrical coordinate
system Or8z under the axisymmetric stress-strain case [2, 3, 4].

The equations of motion:

2 2
0o oo o0°U, 0o, 1 oo o°u
- L+=(or —0opg)=p 2r o t—=p 22 )
or oz ot or r oz ot
The elasticity relations:
o(jj) = A (Err +Epp +EZZ) +2u (i) » (j)=rr;600;2z 1 Oy =24 Epy 3)
The strain-displacement relations:
ou, Uy ou, 1{ ou, = au,
Er = 69 = Ep =— € = | —— +—= (4)
T o T T Ty T o e ar
In (2) — (4) the conventional notation is used.
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For describing the flow of the fluid, according to [5], we use the following linearized field (or linearized Euler)
equations for barotropic compressible inviscid fluids.

The linearized continuity equation;

» poﬁavf +\i+aV2j+v°ai=o

ot o r oz Loz )
Linearized equations of the fluid flow:
Ve e LDV o, 1
ot oz pp Or ot oz Py OZ ®)
The state equation:
2_p" 7)
op'

where ay is the sound speed in the fluid.

Note that equations (5) — (7) compose the complete system of equations within the scope of which the flow of
the fluid in the perturbed state is described.

Now we add to the foregoing equations corresponding boundary and compatibility conditions.

The boundary conditions on the external surface of the cylinder are:

Oy Orz

r = = O
r=R+h r=R+h (8)

The compatibility conditions on the interface surface between the fluid and cylinder, i.e. on the internal surface
of the cylinder are:

ou,

r =0 E _Vr|r=R

o =
rr r=R (9)

=—p' o
R p' rz

Finally, we write the condition on boundedness of the quantities related to the fluid at the central axis of the
cylinder.

Up Lot Mol Vel <20 (10)

Since the perturbations are assumed to be sufficiently small, if the above compatibility conditions are satisfied,
the difference between the Lagrangian and Euler coordinates is not considered.

This completes the mathematical formulation of the problem under consideration.
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I11. Method of solution of the formulated problem
For the solution of the system of equations (2) - (4) we use the classical Lame decomposition (see, e.g., the

monograph [4]), which can be written for the axisymmetric problems as follows.

2 2
PG O L i AL 1)
or  oréz oz or? ror

where the functions @ and ¥ must satisfy the following equations:

Fo" oo o' 1 Fot " ov" " 1 oy )
or2 ror % (¢)? at? T ar? ot % (cy)? at?

In (12) the notation ¢, = /(A +24)/ p andC, = \/ 4/ p is used.

Representing the functions &, u,, g,,., og¢ and a,, with the multiplying sin( kz — wt) and the functions
¥, u, and o,, with the multiplying cos( kz — wt), and denoting the amplitudes of the corresponding quantities
with the same symbols, we obtain the following equations for the amplitudes of the potentials @ and ¥.

2 2
d @2+id¢+@=0, d yj2+idyj+‘[’n=0 (13)
d(r,) r, dr, d(n ) rn dp

where

c? c?
R =kr 51,1 =kr 5—1 (14)
(c2) (c)

It is know that the solution of the equations in (13) can be presented as follows:

@ =AEy(r)+AFy(r2) . % =B Eo(r ) +BFo(h ) (15)

where A, Ay, B; and B, are unknown constants and

) 2 . 2
EO(rm) _ JO(rm) -|f (rm)2 >0 ’ FO(rm) _ YO(rm) |-f (rm) 2> 0 m=12.(16)
lo(rm) i (ry)" <0 Ko(fm) if (ry)° <0

In (16), Jo(x) and I,(x) are the Bessel and modified Bessel functions of the first kind in the zeroth order,
however, Y;(x) and K, (x) are also the Bessel and Modified Bessel functions of the second kind in the zeroth

order.
Thus, substituting the solutions in (15) and (16) into the representations in (11), we determine the

expressions for the displacements and then, using the relations in (4) and (3), we obtain the expressions for the
stresses. These expressions are:

dr2 dEo(rz) dr2 dFo(rz)
+ A ue(r)=
r 2 r r( ) AEL

dr, dEy(r: dr, dR,(r
2 0(2)+A2 2 0(2)
d d I r

up(r)=
' A& Iy d Iy dr dr2
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u7 (N =AEg(r)+ AFo(ry)— By

2
dr_dEg() [ dg d%Ey(r, ) sl
drd(r) \dr) d(p)? | CF

2
dr,_dFy(r) [ dn d?Fy ()
drod(ry) (dr) d(n)?

2
o) _ (der (H Jd Eo(rz):l (drzj dEo() e ool
H ,u d(rz) dr d(rz) H

2 _
Al 2 2[1+1]M Af ) dRy(ry) AR oy
| ar #) d(rp)? | auldr ) d(n) u

) _
i 4 e
d(R)? | “ dr d(n) #

2 2 A
B, || 1L 2[1+i]—d Roln) ), A1 dh oR(a) ARt
dr 2p) d(r)” | u\Or ) d(n) #

o) _p o0 o),

M dr d(r,) dr d(r,)

dimﬂgl dary dEO(rl) 1 [dr dZEO(rzl)+
dr d(n )° dr d(ry)

d(ry) dr | d(r ) dr | d(r;)? dr d(ry)

In this way, we determine the displacement and stress field in the cylinder that is in it when waves
propagate.

Now we consider the determination of the quotients related to the fluid flow, which also occurs during wave
propagation in the hydroelastic system under consideration. For this purpose, according to [5], we use following
representations.

.- o 0 : o 0 0 0
P =a02p0(_vzo___j¢f P =,00(_VZO_——J¢f 'VI’ =—@f V =—@f ,

2
(LLrl(rl)_l dEO(rl)] .8, {drlJ ds3 Fo(n) , Ldrl] d“Fo(rp) drl( = dFO(rl)}ﬂ)

oz ot oz ot or oz
(18)
where
2 2 2
A—i(éwzogj ¢f=0,A=a—+13+a— (19)
a2 \at oz or2 ror 72

Representing the functions V,, p" and p’ by multiplying sin(kz — wt), and the functions @, and V. by
multiplying cos(kz — wt), we obtain the following equation from (18) for @;; (where @ = @, (1) cos(kz -

wt)).

d2 1 d C ? C VO V) ’
=S n|on)=0.n=k [—j PRI T 2 (20)
dri rsdrs ap a a |
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According to the conditions in (10), the solution to equation (20) is found as follows.

Flo(r) if r2>0
@ 11(r) = 0(3)_ 2 (21)
Flo(rg) if r3 <0

where J,(13) (I5(r3)) is the first kind Bessel (modified Bessel) function of the zeroth order and Fis a unknown
constant.

Using the expression (21) and substituting @ = &g, (r) cos(kz — wt) into the equations in (18) we
obtain the following expressions for the sought values related to the fluid.

Flo(r) if 17 >0

P'=pp (Vzok + a))sin(kz — wt)
Flo(r) if K2 <0

Flo(r3) if 12 >0

p'=a52p, (Vzok+a))sin(kz—a)t)
Flo(r3) if r32 <0

—FJ;(ry) if r£>0 _ Flo(r) if 2 >0
Vi = k%COS(kZ—wt) 1(5) 1 757> \V, =—ksin(kz — wt) o(ts) 3; 22
dr Fll(rg) if r32 <0 Flo(rs) if I‘3 <0

Note that in (22) pg shows the density of the fluid in the initial state.

This completes the determination of the quantities related to the fluid flow in the perturbed state.

Thus, after the previous preparations, if we substitute the expressions (17) and (22) into the boundary
conditions (8) and the compatibility conditions (9), we obtain the system of homogeneous linear algebraic

equations for the unknown constants A;, Ay, B, By, and F . If we set the determinant of the coefficient
matrix of this system equal to zero, we obtain the following dispersion equation.

det(anm(c/cy, kR, Vo /a9, p/po, NR, 89/¢C3))=0,nm=1,2,34,5 (23)

The explicit expressions of the components a,,, in (23) can be easily determined from formulas (17) and
(22) and are therefore not given here.

IV. Numerical results and discussions
Under obtaining numerical results the dispersion equation (23) is solved numerically by employing the
“bi-section” method. Moreover, these results are obtained for the case where the material of the cylinder is steel
with the Lame constants A = 1.075 x 10*Pa, u = 0.77 x 10''Pa and with the material density p =

7910 %and the fluid is the water with the sound speed a, = 1495;:7 and with the density p, = 1000 %. The
main purpose of these numerical results is to investigate how the ratio V,/a, affects the dispersion curves
obtained for different values of h/R, the meaning of which is shown in Fig. 1.Note that these investigations are

done for the zeroth and first modes, that is, for the first two lowest modes. Sometimes the mentioned zeroth
mode is also called the quasi-Scholte mode. Note also that the dispersion
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Fig. 2. The influence of the fluid flow velocity and direction on the propagation velocity of axisymmetric
longitudinal quasi-Scholte waves propagating in a hollow cylinder containing this fluid in the cases h/R=0.03 (a);
0.05 (b); 0.10 (c) and 0.20 (d)

curves mentioned were constructed for the following two cases: Case 1 assumes that V,/a,> 0 (0.05; 0.10; 0.15;
0.20; 0.30), i.e., the flow direction of the fluid coincides with the wave propagation direction, but Case 2
assumes that V,/a,< 0 (-0.05; -0.10; -0.15; -0.20; -0.30), i.e., the flow direction of the fluid is opposite to the
wave propagation direction

Thus, first, we consider the dispersion curves related to the zeroth mode which are obtained in the cases
h/R=0.03;0,0.05, 0.1, and 0.2 and shown in Figs. 2a, 2b, 2c, and 2d, respectively.

Thus, first, we consider the dispersion curves related to the zeroth mode which are obtained in the cases
h/R=0.03;0,0.05, 0.1, and 0.2 and shown in Figs. 2a, 2b, 2c, and 2d, respectively.

From the analysis of these curves, it appears that the character of the influence of the flow velocity V,/
aydepends not only on the direction of this flow but also on the ratio A/R and on the dimensionless wavenumber
kR. Nevertheless, in all considered cases, at the lower wavenumbers (or at long wavelengths), which are close to
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the corresponding limits in the above-mentioned Casel (Case 2), the wave propagation velocity c/c, of the
quasi-Scholte wave increases (decreases) monotonically with the absolute values of the flow velocity. At the
same time, from the observations of the graphs shown in Figs. 2a, 2b, and 2c, it follows that as the
dimensionless wavenumber kRincreases, the character of the influence of the fluid flow on the wave
propagation velocity changes.To be more precise, in the relatively small values of the ratio /4 /R (for example, in

the cases /4 /R =0.03, 0.05, 0.1) there is such an interval for the KR (denote this interval as [kR;, kR,]) in
which, conversely, in Case 1 ( Case 2) the propagation velocity c/c, of the quasi-Scholte wave decreases
(increases) monotonically with the absolute values of the fluid flow velocity. This means that in the cases
kR = kR, and kR = kR, the fluid flow has no effect of the fluid flow on the wave propagation velocity. Note
that in Fig. 2a, kR, is not observed because in the case Z /R = 0.03, kR, appears at kR, which is greater than
20, which is considered a high threshold value for kR in the present study.The results also show that the values
of kR; and kR, also depend on the flow velocity and the difference (kR, — kR;)decreases with / /R. At the
same time, it is clear from the results that after a certain value of /Z /R (for example, at 4 /R = 0.2 (Fig. 2d) and
/ /R > 0.2) the mentioned interval [kR;, kR,]disappears. In other words, after a certain value of /4 /R the
character of the influence of V;/a, does not depend on the ratio / /R and in such cases the
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Fig. 3. The influence of the fluid flow velocity and direction on the propagation velocity of axisymmetric
longitudinal waves for the first mode propagating in a hollow cylinder with this fluid in the cases h/R=0.03 (a);

0.05 (b); 0.10 (c) and 0.20 (d)
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speed of propagation of the quasi-Scholte wave in Case 1 (Case 2) increases (decreases) monotonically with the
absolute values of V/a, for all values of kR (Fig. 2d).

We also note that the dispersion curve represented by a dashed line in Fig. 2d for the case # /R = 0.2 and
Vy/a, coincides with the corresponding curve in [6] and with that in [1]. This situation gives some guarantee of
the reliability of the numerical results obtained and of the computational algorithm and PC programs used in
obtaining these results

In the literature, we have not found related investigations for the case when V,/a, # 0 has been carried out
in the framework of the exact equations of elastodynamics and the linearized Euler equations for compressible
fluids, in order to compare the present results with them. Note that so far in the corresponding investigations the
motion of the cylinder has been described by means of the approximate shell theories, in the framework of
which it is not possible to study the quasi-Scholte waves and the influence of the fluid flow velocity of these
waves. An example of such investigations can be used the work [7], in which the wave propagation in a buried
pipe carrying a flowing fluid is studied.

Let us now consider the results for the first mode obtained in the cases # /R =0.03, 0.05, 0.1, and 0.2,
shown in Figs. 3a, 3b, 3c, and 3d, respectively. Note that the dispersion curves shown in these figures were also
obtained in the two cases mentioned above ( Case 1 and Case 2) for the various values of V/a, given above.
The analysis of these results shows that in the first mode the character of the influence of the flow velocity on
the curves does not depend on the ratio 4 /R and on the dimensionless wavenumber kR and that in Case 1 (in
Case 2) under Vy/ay, > 0 (Vy/a, < 0) the flow leads to an increase (decrease) of the wave propagation velocity
in the first mode. At the same time, the magnitude of this increase (decrease) grows with the absolute values of
the flow velocity. Note that this result is consistent in a qualitative sense with the corresponding results in the
paper [7] and recall that only Case 1 is considered in the paper [7].

This completes the consideration of the numerical results.

V. Conclusion

Thus, in the present work, the influence of the flow velocity and the flow direction of the fluid on the
velocity of axisymmetric waves propagating in a hollow cylinder containing this fluid is studied. In the context
of this study, the motion of the cylinder is described by the exact equations and relations of linear
elastodynamics, but the flow of the fluid is described by the linearized Euler equations for compressible
barotropic inviscid fluids. Analytical expressions for the sought values containing unknown constants are
obtained, and with the help of contact and appropriate compatibility conditions, the system of homogeneous
algebraic equations with respect to these unknown constants is obtained. By equating with the zero determinant
of the coefficient matrix of this system of equations, the dispersion equation is obtained, from which, by
applying the numerical solution method for this equation, the dispersion curves are constructed for different
values of the problem parameters, in particular for the different flow velocities under different flow directions.

The dispersion curves are presented and analyzed for the zeroth and first modes. As a result of these
analyzes, it is found that in the zeroth mode (i.e., the mode associated with quasi-Scholte waves) the character of
the influence of the fluid velocity on the wave propagation velocity depends not only on the magnitude of the
fluid flow velocity, but also on the ratio /Z/R,on the dimensionless wave number kR, and on the fluid flow
direction.

It is also found that in the first mode the influence of the fluid velocity on the wave propagation
velocity depends only on the magnitude and sign of the flow velocity V,/a,. In particular, it is found that in the
case Vy/ag > 0 (i.e., in the case where the direction of the flow velocity coincides with the wave propagation
direction), an increase in the values of V,/a, leads to an increase in the wave propagation velocity. However, in
the case V,/a, < 0 (i.e. in the case when the direction of the fluid flow velocity is opposite to the wave
propagation direction), the increase of the absolute values of V,/a, leads to a decrease of the wave propagation
velocity
The detailed analysis of the mentioned numerical results is described in the text of the paper.
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